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Abstract. We introduce a relative notion of the “big images and preimages’™
property for random topological Markov chains. This condition then im-

plies that a relative version of the Ruelle-Perron-Frobenius theorem holds

with respect to summable and locally Holder continuous potentials.

1 Introduction

In this note we give a further contribution to the extension of thermodynamic for-
malism for topological Markov chains to random transformations and, in particular,
obtain a sufficient condition for the existence of random conformal measures and
random eigenfunctions of the Ruelle operator which applies e.g. to a random full
shift with countably many states. In particular, we obtain an extension of the re-
sults for random subshifts of finite type obtained by Bogenschiitz, Gundlach and
Kifer (JI [7, [8]) to random shift spaces with countably many states. For illustra-
tion, we also give applications to countable random matrices, that is, we deduce a
Perron-Frobenius theorem and a sufficient condition for the existence of a stationary
distribution for a countable-state Markov chain with random transition probabilities.
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For deterministic dynamical systems the following results are known. Recall
that it was shown by Sarig ([11]) that the Ruelle-Perron-Frobenius theorem extends
to deterministic topological Markov chains with countably many states and locally
Holder continuous potentials if and only if the system is positive recurrent. If the
potential is summable, results in this direction are obtained by imposing topological
mixing conditions, ‘finite irreducibility’ or ‘finite primitivity’, on the shift space (see
[9, 13]). Furthermore, if the topological Markov chain is topologically mixing, then
these conditions coincide with the ‘big images and preimages’-property introduced
in [I2] where it is shown that this condition is equivalent to positive recurrence for
summable potentials. Note that these results are advantageous in many applications
since they can be, in contrast to positive recurrence, verified easily.

The goal of this paper is to obtain an extension of these results to random bundle
transformations, that is we consider a commuting diagram (or fibered system)

x 5 x
- I
o %4 o

where 6 is an ergodic automorphism of the abstract probability space (€2, P) and 7 is
onto and measurable. With X,, referring to 71 ({w}), the restriction T, : X,, — Xy,
of T to fibers then has a natural interpretation as a random transformation in a
random environment. In here, we consider the class of random topological Markov
chains, that is, X is a subset of NN x Q such that each fiber X,, has a random Markov
structure (for details, see Section [2I).

For the extension of the notion of big images and preimages (b.i.p.) to this
setting, we only require that a corresponding property holds for returns to subsets
Q,; and €y, of positive measure in the base 2. That is, for w € €y, there exists
a finite union of cylinders Fy, C Xp, such that T, ([a]) N Fyp, # O for all cylinders
[a] € X, (big images) and, for w € €Q,,, there exists a finite union of cylinders

p-1, C Xp-1,, such that Ty-1,(Fy_, ) = X, (big preimages), respectively. Note
that this property is a purely topological property with respect to the fibers.

We then consider topologically mixing systems equipped with a potential ¢ which
is locally Holder continuous in the fibers. Our further analysis relies on the divergence
at the radius of convergence of a random power series whose coefficients are given by
random partition functions. Systems with this property will be called of divergence
type. As a first result we obtain in Theorem [B.4] that a system with summable
potential and the b.i.p.-property is of divergence type.

For systems of divergence type with summable potential, it then follows that a
random conformal measure exists (Theorem [£3)). That is, there exists a family of
probability measures {x,} and a positive random variable A : Q@ — R such that, for
x € Xy,

Ao © Tio/dps () = Mw)ela(@)=9(@)



where Pg(¢) refers to the relative Gurevi¢ pressure as introduced in [3]. The proof of
this statement relies on the construction of A as the limit of the quotient of random
power series and the application of Crauel’s random Prohorov theorem (see [2]) to
a family of random measures. Note that the construction of this family of random
measures is an adaption of the construction in [3]. However, it turns out that the
summability assumption significantly simplifies the tightness argument compared to
the proof in there.

In particular, this result gives that A\efe(®) is the spectral radius of the dual of
the random Ruelle operator. For systems with the b.i.p.-property, the identification
of A\ as quotient of random power series then gives rise to application of results in
[3], that is the system is positive recurrent and a relative version of the Ruelle-
Perron-Frobenius theorem holds (Corollary and Theorem 7). As immediate
consequences of these results, we obtain a Perron-Frobenius theorem for random
matrices (Corollary [£.9]) and an application to random stochastic matrices (Corollary

4.10).

2 Preliminaries

Let 6 be an automorphism (i.e. bimeasurable, invertible and probability preserving)
of the probability space (Q, F, P), £ = £, > 1 be a NU {oo}-valued random variable
and, for a.e. w € Q, let A, = (ozl-j(w), 1< ty,,j < ng) be a matrix with entries
a;j(w) € {0,1} such that w +— A, is measurable and ) | a;j(w) > 0forall i < £,,.
For the random shift spaces

j<z9w

Xy = {2 = (20,71,...) : Oy, (') =1Vi=0,1,...},

the (random) shift map T, : X, — Xy, is defined by T,, : (zg, z1, z2...) = (21,22, ...).
This gives rise to a globally defined map T of X where X := {(w,z) : z € X,,} and
T(w,z) = (Qw,T,x). In this situation, the pair (X,T) is referred to as a random
countable topological Markov chain. For n € N, set 1" = Tyn-1,,0--- 0Ty, o T, and
note that 7" (w, x) = (6"w, T'x).

A finite word a = (zg,z1,...,2,—1) € N” of length n is called w-admissible,
if z; < lgi, and g, , (0'w) = 1, for i = 0,...,n — 1. In here, W denotes the
set of w-admissible words of length n (in particular, W) = {a : a < 4,}) and, for
a = (ag,a1,...,anp—1) € N,

[aly = [ag,a1,...;an-1]w ={x € Xy : x;=0a;,i=0,1,....,n — 1}

is called cylinder set. The set of those w € 2 where the cylinder is nonempty will be
denoted by €, that is

Qy={w: [a]l, 0} ={w:ae W]}



Finally, W™ refers to the set of words a of length n with P(€,) > 0. In this paper, we
exclusively consider topologically mizing random topological Markov chains. That
is, for a,b € W', there exists a N-valued random variable Ny, = N,;(w) such that,
for n > Ngp(w), a < WL and 6"w € Qp, we have that [a], N (T2) " [blgne, # 0.

As mentioned above we are interested in thermodynamic aspects of random topo-
logical Markov chains with respect to locally Hélder continuous potentials. Therefore,
recall that, for a function ¢ : X — R, (w,z) — ¢“(x), the n-th variation is defined
by

Ve(¢p) = sup{|¢¥(z) — ¢“(y)| : s =yi, i =0,1,...,n—1}.

The function ¢ is referred to as a locally fiber Hélder continuous function with index
k € N if there exists a random variable k = r(w) > 1 such that [logxdP < co and,
for all n > k, V¥(¢) < k(w)r™. For abbreviation, such a function will be referred to
as a k-Holder continuous function. This then leads to the following elementary but
useful estimate. For n < m, x,y € [a],, for some a € W], and a (m —n + 1)-Holder
continuous function ¢,

n—1 n—1
62 (2) — @2 ()] < Y 16" (Th (@) — " (TE W) < Y Vi (9)
k=0 k=0
n—1 0o
< (Hk rm- k < Z em k rm- nzﬂ Hn k
k=0 k>m—n k=1

Since logr € LY(P), we obtain (logx)/n — 0 as a consequence of the ergodic
theorem. So the radius of convergence of the series on the right hand side of the above
estimate is equal to 1 and, in particular, the right hand side is finite. Hence, for a
locally fiber Hélder continuous function with index less than or equal to (m —n+1),

m—n m—

(B,gnw)il < (Bgnw)ir < ed)ﬁ(m)f(bﬁ(y) < (B,gnw)r " < B@nw (1)

where By, := exp Y 5 k(0 Fw)rk. Note that this definition differs from the one in
[3] by the choice of the element in the base - in here we replaced w by 6"w. A further

basic notion is the (random) Ruelle operator L associated to a potential (function)
¢ = (¢*) : X — R which is defined by, for a function f: X — R,

sz(aw’x) = Z e(bw(y)f(way)'

yeXu,Twy=x

In this note, we consider potentials ¢ satisfying some of the following additional
assumptions.

(H1) The potential ¢ is 1-H6lder continuous and [ log B,,dP(w) < co.

(H2) The potential ¢ is 2-Holder continuous and [ log B,dP(w) < oo.



(S1) [log M,dP(w) < oo where M, := sup{Lg(1)(z) : z € Xqu}.
(82) [logm,dP(w) > —oo where my, := inf{LJ(1)(z) : © € Xg,}.

These assumptions might be seen as randomized versions of Holder continuous (H1-
2) and summable potentials (S1-2), respectively. Recall that, if ¢ is locally fiber
Holder continuous and k is integrable, then (H1) holds (see [3]). Also note that
(S1-2) is equivalent to |[log Lg(1)] € LY(P). Below, after introducing big images
and preimages, we will give a further Holder condition (H*) for which (H2) holds
and 1-Holder continuity is only required on a subset of €).

3 Partition functions and big images and preimages

In this section, we introduce the notion of big images and preimages for random
topological Markov chains. Moreover, we discuss immediate consequences in terms
of estimates for the random version of the Gurevi¢ partition functions. These esti-
mates will then be used to prove that the preimage function diverges at its radius of
convergence (Theorem [3.4]).

In order to define the relevant objects, we introduce the following notation. For
a,be W', weQ,and n €N, set

W(a,b) = {(wo, ..., wp—1) € W wy = a,w,_1b € Wa,_1}.

Moreover, for w € W2, and m < n, set exp(¢%,([w])) := sup{exp(¢¥,(x)) : x €
[w]w}. As an immediate consequence of ([l) we have, for a k-Holder continuous
potential ¢,

0 < inf{exp(62_p1 (@) : @ € fulu} < exp(@ ppa(fu]) < o0 as.  (2)

We now consider a fixed topologically mixing random Markov chain (X,T), a
potential ¢ satisfying (H2) and @ € W!. For w € Q, and n € N, the n-th (random)
Gurevic¢ partition function is defined by

Z%(a) = Z e (lwal)

weW?n (a,a)

where we use the convention that Z¥(a) = 0if W (a,a) = 0. Note that this definition
differs from the one in [3]. In here, ¢ ([w]) is replaced by ¢* (Jwa]) in order to obtain
a partition function applicable to 2-Holder continuous potentials. Since (X,T) is
topologically mixing, it follows that Z¥(a) > 0 for all n > Ny, (w) with 0"w € Q.
Furthermore, given a measurable family {&,, € [a], : w € Q}, the n-th local preimage
function is defined by

Zo(@) = YD ) 181 (g,

weW?r(a,a)



where 7, refers to the inverse branch T ([w],) — [w],. In particular, if ¢ is 2-Holder,
then (I) implies that Z¥(a) > Z¥(a) > Z%(a)B,. . Moreover, the n-th preimage
function is defined by, for w € €,

ZY = Z P (Tw(€onw)) — ( ) (Egne)-

wewpn

As a consequence of (S1), we have Z¢ < M, - -+ Mgn—1,, < co. Finally, set

AY = Z e®n ([w])

weWn

and note that 0 < AY < co. We now introduce the relative Gurevié pressure Pg(¢)
adapted to the situation under consideration. For @' C Q and w € , set J,(') :=
{n e N: 0"w € '} and choose N € N such that Q* := {w € Q1 Nga(w) < N}
is a set of positive measure. The following proposition is a slight generalization of
Theorem 3.2 in [3] to 2-Holder continuous (H2) and summable (S1) potentials.

Proposition 3.1. For a mizing system (X,T) and a potential satisfying (H2) and
(S1), the limits

1 1
Pa(¢) == lim —logZ;(a) = lim - log Z¥(a) > —o0
neJy, (2%) neJy, (%)

exist, are a.s. constant with respect to w and independent of the choice of a and N.

Proof. Since most of the arguments can be found in [3], we only give a sketch of
proof. For a.e. w € Q* and m,n > N with ™w, 0™ "w € Q*, it follows from ()
that

Zi(a)27"“(a) < By 2y, n(a). (3)

It is well known that the induced transformation 6 : Q* — Q given by

n: QY =N, w—nw):=min{neN: 0w e Q'}
0:0 =, w— 0"y

is an invertible, measure preserving, Conservatlve and ergodic transformation with
respect to P restricted to Q*. Set ng(w) := Zl i ' 1(0'w). Tt then follows from (),
for M > N and k,l € N, that

w 6k
_lomekH)M( )( )—i—loankM(w)( a) +log 2 1v(9ka)( )SlogBéka'

Since Z¥(a) < 2% < M, ,Mp,, - -+ Myn-1,, it follows from (H2), (S1) and Kac’s the-
orem that the almost subadditive ergodic theorem as stated in [5] is applicable to



—log Z¥(a) with respect to the measure preserving transformation 6M . Since the
quotient ny/k converges by Birkhoft’s ergodic theorem, it follows that

. 1 w
f((AJ) = klingo m log anjw (w) (a)

exists a.s. and is #M-invariant. It is now easy to see that this limit is independent
from the choice of M > N and hence the limit is a constant function. In order to
show that the limit does exist along J,(£2*), we now use a different argument as in
[3]. For k > 3N, set a := N 4+ (k mod N). Then k — a; is a multiple of N and

. gk (w)
2N > ap > N. In particular, Z;;’ak ) (a), aniak ) (a) > 0. Hence, by (@),

) %k (w) 1 w
log (Zn% () (a)aniak(w)(a)) < log (Béak(w)z% (a)) )

Nk (w) ~ ne(w)

By passing to the limit, we obtain that inf{(log Z¥(a)) : n € J,(Q%)} > f(w) a.s.
The other direction then follows by the same argument with by = 2N — (kK mod N)
and using

6b% (w) 6=k (w)
ank (6~ "k (w))(a)z;;}k—bk (w)(a) < B2y, “(a).

The remaining assertions now follow from Z¥(a) > Z¥(a) > Z¥ (a)Bg_nlw and Step 2

in the proof of Theorem 3.2 in [3]. O

We now introduce the notion of big images and preimages. In here, we will write
#B for the cardinality of a set B. So assume that there exists (2,; C € of positive
measure and a family {Z¥ C W! : w € Q,;} such that

(i) #I5 < oo,
(ii) for each a € W,_, , there exists b € It with abe W;_, .

We then say that (X,7T) has the big image property. By choosing a subset of (,
one may assume without loss of generality that there exists a finite set Z,; such that
1y C 1y, for each w € €.

Moreover, if there exists €,, C € of positive measure, and a family {Z}) C
W,_1, i w € Q) such that

(i) #I, < oo,

(ii) for each a € W}, there exists b € Z{, with ba € W5

=1,

then (X,T) is said to have the big preimage property. As above, one may assume
without loss of generality that each Zi? is a subset of a globally defined finite set Z,,.
If (X,T) is topologically mixing and has the big image and big preimage property,
then (X, T) is said to have the (relative) b.i.p.-property.



Lemma 3.2. If (X,T) has the b.i.p.-property, then, for a € W' and almost every
w € Q, there exist oy, By € N such that

(i) W (a,b) # 0, for alln > oy, and b € W,
(it) Wy, (b,a) # 0, for alln > B, and b e W,_, .

Proof. In order to show the first assertion, set N, := max{Ny(w) : ¢ € 7.},
and «, := min{n > N, : 6" € Q,,}. The second assertion follows by a similar
construction. O

The following Lemma now shows that the above partition and preimage functions
are proportional to each other along subsequences. In the proof we only require that
#* is 1-Holder for w € 6~1(Q,; UQ,,). The precise condition is as follows.

(H*) The potential ¢ has property (H2) and, for a.e. w € §71(Qy; UQ,), we have
Vi¥(¢) < 0.

Lemma 3.3. For (X, T,¢) with the b.i.p.-property, (H*) and (S1-2), the following
holds.

i) For a.e. w€ Qg and k,n € N with k > ay,, 0*w € Q,, and 0¥T"w € Q,, there
(i) »
exists 1 < Cy(a, k) < 0o such that

20 < Cy(a, k) 22, (a).

(ii) For a.e. w € Q and n,k € N with 0"w € Q,,;, 0¥ "w € Q, and k > Byn,,, there
exists 1 < Dgny(a, k) < oo such that
Moreover, Pg(¢) is finite, and C,(a, k) and Dy (a, k) are measurable.

Proof. In order to show the first assertion, note that the big preimage property

combined with Lemma implies the existence of {v] eWk: j=1,... ng }
such that, for each b € Welkw, there exists j € {1,... IG L9} with v;b € V\/k+1 This

then gives that

HIO

2y n(a Z Z Pk (Tojw(€htn,,))

Jj=1 w.vweWk+"

ok,
#Lpp"

> Y wf{e@ rel) Y e
j=1

w: vwaWf+"

> inf{eqbf(x) cx € [vjle, i =1,.. .,#I;”p} 2% =: (Cy(a, k)™t 2%



Observe that C,(a, k) > 0 which follows from (H*) and (2). Moreover, by choosing
€.8: Uy Uyt to be minimal with respect to the lexicographic ordering, it follows
that w — C,(a, k) is measurable. Assertion (ii) follows by a similar argument, that
is by

071
#L ¢

Zoik = Z Z P+ (Tw.v; (Egnti,))

J=1 w:unyEVVﬁ+k

"o

6
#ZLy;

> AgBL exp(-VE T (9) S it @ x e fuylons )
j=1

where {v; € Wgnw c73=1,... ,#Zginw} are constructed from the big image property.
For the proof of |Pg(¢)| < oo, note that

n—1 n—1

1 1
— E log mgk,, njﬁ/logmde and — E log My, njf/longdP
n n

k=0 k=0

by the ergodic theorem. It hence follows from Z¥(a) < M, - - - Myn—1,, that Pg(¢) <
oo. Furthermore, from assertions (i) and (ii) combined with log A% > Zz;é log mygk,,
and the convergence in Proposition Bl we obtain that Pg(¢) > [logmy,dP(w). O

Using these estimates, we are now in position to prove the main result of this
section. In the statement of the theorem, Q* refers to the subset of €, in the
definition of the relative Gurevi¢ pressure.

Theorem 3.4. Assume that (X,T') has the b.i.p.-property and (H*) and (S1-S2) are
satisfied. Then Pg(¢) is finite and, for a.e. w € Q,

Z anZJ {< X s < eipc(d)),

_ . e — —Pa(d)
e (@) =00 : s=e Tald),

Proof. Note that Pg(¢) is finite by Lemma [3.3] By replacing ¢ by ¢ — log ¢ we now
assume without loss of generality that Pg(¢) = 0. From Lemma B3 (i), it then
follows, for a.e. w € ), that

1
lim —logZy/ =0.
neJ,(Q*) N

We will show that > A% < oo leads to a contradiction of Pg(¢) = 0. So assume
that, for a.e. w € Q,;, Zner(Qbi) AY¥ < co. Hence, for € > 0, there exist ' C Q;



and N € N such that AY < e for all w € ' and n > N. Now consider the jump
transformation 6* : Q' — Q' given by

n:Q =N, w—n*(w):=min{neN: n>N,0"weQ},
0 QY =, w— Wy,

Note that 6* is invertible, and that Plq/ is a finite §*-invariant measure (see e.g.
[14]). In particular, it follows that 6*(£2') = Q' mod P. Set

k—1
Mi(w) =Y n*(67)w).
i=0
Since the sequence (log A%) is subadditive, it follows that Ay W < ¢*. Furthermore,
k

by the ergodic theorem, 7;(w)/k converges to an invariant function which is bigger
than or equal to N. In particular,

k 1
loge < ke

lim

log A%, | <
k—o0 77;;(@)) 08 i (w)

< = a.s.
nk(w)

Using AY > Z¥ we obtain that lim )(log Z¢)/n < 0 for a.e. w € O, and

nEJw(ﬁ
a suitable subset 2 C Q* of positive measure. Since this is a contradiction to

Pg(¢) =0, it follows that
Z Ay =00

nEJW(Qbi)

for a.e. w € Q,; and, by subadditivity, for a.e. w € €. The assertion then follows
from Lemma B3] (ii). O

4 Random eigenvalues and conformal measures

The first step in this section is to construct random eigenvalues and conformal mea-
sures for random topological Markov chains for which the sum of the preimage func-
tion diverges. As a corollary, we obtain that the random eigenvalue can be identified
with the quotient of two random power series. In particular, this then gives in anal-
ogy to deterministic topological Markov chains (see [I2]) that the b.i.p.-property
implies positive recurrence. Throughout this section we assume that (X,7T) is topo-
logically mixing, ¢ satisfies (H2) and (S1-2), and Pg(¢) is finite. Hence, we may
assume without loss of generality that Pg(¢) = 0. Now fix a € W and, for  C Q,,
weNand 0<s <1, set
P,(s) = Z s"ZY.

ned,(Q)

10



If there exists Q C Qg such that P,(1) = oo and P,(s) < oo for 0 < s < 1, we
say that (X, T, ¢) is of divergence type. In particular, observe that for a system of
divergence type, we have limner(ﬁ) (log Z¥)/n = 0 = Pg(¢) by Hadamard’s formula
for the radius of convergence. Also note that systems with the b.i.p.-property are in
this class as a consequence of Theorem [3.4]

Lemma 4.1. There exists a sequence (s, : n € N) with s, /1 and \* : w — R with
log \* € LY(P) such that

[ st tosx @)dP() = i [ o) log(Pa(s0) Pasgon)JAP)

n—o0

for all g € L*°(P). Furthermore, we have [log\*dP = 0 and m, < \*(w) < M,,
for P-a.e. w € Q.

Proof. Observe that

Po(s)= Y " Y @@
neJo(Q) TEXWTH(2)=Eon.
w n w Ow
= sLg(1)(&pw) + Z s Z L¢(1)(y)e¢n_1(y)
neJo(@)m>2  yeXpu, Ty (y)=Eon
< s My(1+ Pyy(s)).

By applying the same argument to obtain the lower bound and using ( 1+ (Pgw(s))_l)
1, we arrive at
Pu(s)

Pgw(s)
Since log ||Lg(1)]| € L' (P), the set {log(P,(s)/Pp,(s)) : s < 1} is uniformly inte-
grable. This shows the existence of log \* € L!(P) as a weak limit. By applying the
ergodic theorem, it then follows that [log A*dP = 0. The remaining assertion can
be proved by combining limg_,14 Py, (s) = oo with the above inequalities. O

smy, <

< sMy (1+ (Pou(s) 7). (4)

In order to obtain pointwise convergence of P, (s)/ Py, (s) as s — 1, we construct
a random conformal measure using a randomized version of the construction in [4].
As a consequence of (S1-2), the construction and the proof of relative tightness will
turn out to be significantly easier than in [3]. For s < 1 and w € 2, set

Hw,s ::%(S) Z s" Z e(ﬂ(aj)ézv

nedo(Q) wT5(@)=Emy
where 9§, refers to the Dirac measure at x € X,,. For A € B, it hence follows that

poslA) = o S I (L) (G,

() nedu ()

11
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In order to show that a reasonable limit of this family of measures exists (for s 1),
we will employ Crauel’s random Prohorov theorem (see [2]). So recall that {su, s :
w € Q,s > sg} is relatively tight if for all € > 0 there exists a set K C X such that
K N X, is compact for a.e. w € Q and [ ps(K)dP > 1 — € for all s > sq.

Lemma 4.2. The family {py, s : w € Q,n € N} is relatively tight.

Proof. For the proof, for K € N, w € 2 and b € N, set

Akb {($0,$1, . ) €EXy: T = b} = Tw_k([b]ka)’
En =1 w ({59"40})7 E;f(b? k) = Eru; mTw_k([b]ka)

By construction, it then follows that

kb
M%S(Aw)
:Pl() S et Y @ Y gnesi@
s
w n€Jw(§),n<k, c€BY,  (bk) n€Juw(Q),n>k+2,
€ B (b,k) € BY (b.k)
1

=) (X7 (0) + 25 (b) + 35(b)) -

For the third summand, one immediately obtains that

25(0) _ sh+l 3 n—(k+1)
P,(s) = P,(s) -
neJy,(Q),n>k+2
3 o6 (wh) 3 @)
weWk: wbeWkt! $EE6’€T;$1)0T ([b}@kw)
sk+1P S W kw
< LW() Z ek (v]) €¢9 ([b}),u'ekJrlw,s(Tka([b]ekw))

N Pw(S) wEWE: wheWkt!

gkt
< ﬂ <H Mezw\|> 67" ([b]) ( hl %) (0]}
- - olw

where the last inequality follows from (S2) and (4)). By the same arguments, it
follows that

— ka
$9(b) < ( B My, >e¢ (),

Finally, for n = 1,...,k, note that the set E< NT.;*([b]yr,,) is nonempty for at most
one b € Wy, . Hence, there exists ¢, < oo with bew’k X4(b) = 0.
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For a given € > 0, choose a triple (C, s, ') with C > 0, s9 € (0,1) and Q' C Q
such that P(2') > 1 — € and P,(s) > C for all s > 59, w € Q. For w € Q' and
¢ > ¢, k, we hence have that

> sl A5) = s 3 (B5(0) + S5 0)

b>c b>c
k—1 M, ok
< (OIS Mo + TG e ) D2 "0 )
b>c
M
< Bgr+1y, ( H Mgl + Hf 01 mz;:> Mk, < 0. (6)

Combining the summability in (@) with the independence of the estimate from s in
(@) then gives rise to the existence of ¢! , > ¢, k, for w € @ and k € N, such that

c:hk<ooand
kb €
Z pos(Ay”) < of
b>c

Observe that w — ¢ . might chosen to be measurable, which can be seen e.g. by
construction of ¢ , as a maximum. For K := {(w, (o, z1,...)) : we @,z < .}
it then follows that

/u%S(KC)dPg e—l—/ Pow,s(K€)dP
Ql

:e+/ tws({(wo, .. .) 1 Tk stz > ¢, })dP

o0

<6+/ Z MwSAkde<e+PQIZ%§
" k=1, k=1
bzcw k
Since K N X,, is compact for a.e. w € ', the assertion follows. O

As an immediate consequence of Crauel’s relative Prohorov theorem we obtain
that there exist a sequence (s;,) with s,, 1 and a random probability measure {,, }
such that

lim / fihtas, dP(@) = [ FinudP()

n—o0
for all f € £§(P) where LE(P) :=={f: X - R: f|x, € C(X W) J 1 fix,lleedP(w) <

oo} and C(X,,) denotes the set of continuous functions deﬁned on X,,. The following
theorem is now stated without the assumption that Pg(¢) = 0.

Theorem 4.3. Let (X,T,¢) be a topologically mixing system of divergence type
with (H2), S(1-2) and Pg(¢) > —oo. Then there exists a sequence (s,) with s,
exp(—Pg(¢)) such that

AMw) := lim P,(sy)/Ppu(sn)

n—o0

13



erists almost surely, with |log \| € L*(P) and [logAdP = 0. Furthermore, there
exists a random probability measure {p,} as a weak limit of the sequence {ju, s, },
such that, for a.e. w € €, the measure p, is positive on cylinders and, for r € X,

d:u'Gw o1,
dfte
Proof. By replacing ¢ with ¢— Pg(¢), assume without loss of generality that Pg(¢) =
0. Let (tx : k € N) be a sequence given by Lemma [.Jl By Lemma (2] there exists
a subsequence (s, : n € N) of (#x) and a random probability measure {y, : w € Q}
which is the weak limit of {y, s, }. Forn € N, a € W and A C [al,, with p,(A4) >0,
it follows that

1 k
s (A) = 5 Z sFe?o (@)
kEJw(Q),k<n
IEEUI'_C,OA
Pory(s) 1 k6% (ra(2)) 60" ()
+ srerni et eTk=ntt
Bu(s) Pyry(s) 2

(2) = Mw)eFo (@)= (),

£

nEJw(ﬁ),k:>n,
erg;Sng(A)

When passing to the limit, the first summand tends to zero and as a consequence
of estimate (4l), we obtain that pgn, and T} o p,, are absolutely continuous for a.e.

w € Q. Hence, dugn,, o T/, exists a.e. and

dugnes © Ty (x) = e~ %) 1im 7]%(519) )

e k—o00 ngw(sk)
In particular, limy_,oo P, (Sk)/ Pk, (sk) exists a.e. and, by Lemma [T, we have
|logA\| € LY(P) and [logAdP = 0. In order to show that {yu,} is positive on
cylinders, choose a € W and Q' C Q, of positive measure such that p,,([a],,) > 0 for
allw € Q. Tt then follows, for a.e. w € Q, n € Nand w € W, that there exists k > n
such that 6%w € Q' and T*([w]) D [a]gr,,. In particular, since dpugn,, o T /., (z) > 0,
we have p,([w]) > 0.

If Ps(¢) # 0 then the radius of convergence of P, (s) is equal to exp(—Pg(¢)).
With P(s) referring to the random power series associated with the potential ¢* =
¢ — Pa(¢), we have P}(s) = P, (s - exp(—Pg(¢))). The remaining assertions follow
from this. O

Remark 4.4. For a € W,, and A C [al,, the above result implies that
MGUJ(TW(A)) = )\(w)/ ePG(¢)—¢“’de
A

for a.e. w € Q. Hence {p,} is a (Aexp(Pg(¢) — ¢))-random conformal measure.
Moreover, note that conformality gives a characterization of {u,} as eigenmeasure
of the dual (Lﬁ)* which acts on the space of Radon measures (see e.g. [3]), that is,

(LE) (1) = M@)o @ pg,.

14



Remark 4.5. Now assume that ¢ has property (H1). For a = (ag,...,an—1) € WT

we then immediately obtain an estimate for p,([al,) in terms of the measure of
Tyn-14([an_1]w). Set Ap(w) := A(w) - A(Bw) - - A(6"1w). We then have

1 Hwl|O)w
o oralTpeero(n-110) < M) ) < BTy lfan-11),

for all = € [al,. If (X,T) has the big image property, then
D, = inf{:u'w(Tgflw([b]G’lw)) tbe Welflw} >0

for all w € ;. Hence, for a.e. w € Q and n with 6™"w € Q,;,

4 feo([alw)
(Borw)™ Donyy < An(w)m < By,
which is a natural analogue of the Gibbs property for random topological Markov
chains.

We proceed with applications of the above theorem to systems with the b.i.p.-
property. In this case, by Theorem [3.4] the system is of divergence type and the
above theorem is applicable. The representation of A as a quotient then gives rise to
a an estimate for the asymptotic behavior of the Gurevi¢ partition functions.

Corollary 4.6. If (X,T,$) has the b.i.p.-property and (H*) and (S1-2) hold, then
there exist positive measurable functions K, K* : Q, — R, N : Q, — N such that,
for allw € Qy and n > N (w) with w € Q, N O"Q,,

Zy @) K*(w). (7)

K@K (0™"w) < A (0 "w)enPe@) =

Proof. Assume without loss of generality that Pg(¢) = 0. We divide the proof into
two steps. We first show that Z¢ "“(a)Z% > 2,2:,;7 (a), and then use this estimate
to prove the assertion.

Choose k,I € N such that 67w € Q, 6Fw € Q,,, and N,fail” < [ for all
be Il Set

$ A ()

WGW::ZW (b1,b2)

3 A (ual) 5 (o)

l
uGWe_lw(bl ,a),

veWkn, (a,by)

M, :=sup 1 b € Wel, by € Wolkw

Ly

15



It follows from (1) and the b.i.p.-property that M, < oo. Hence, for all n,m € N
with 67"w € Q4,0Mw € Qy and n > 1, m > k + Nbe;w for all b € Iﬁp’f% we have
Zp (@) € MuBg,Zy " (a)Bu 2y, (a) Bgry, = M, Zyy " (a) 235, (a).

m-+n

As a consequence of Theorems [3.4] and 3] there exists a sequence (s;) with s; 1
such that the limit AMw) = lim;_,oc Py(s;)/Pow(s;) exists for a.e. w € 2. Hence, for
n as above, we have

n —n o= ‘
Zn ) _ o 2 C@R(s) o P ) 2@ 5 )
An(077w) —ymoo Bpon(sy)  Tamee Y, g 20T
Z‘ _ Si}z@"fw(a)
;. 1€J,(Q2) T3 n+1e
> Mw ]lir& gt Z0 "W’

i€Jy—n,,(Q) Z5 71

With k = k(07 "w) := min{l > ag-n, : 0w € Q,,}, it follows from Lemma B3 (i)
that -

Zrez nw(a) > MZUCG—”w(% k)

Ap(07"w) = Ap(07"w)
Hence the left hand side of () holds for n > N (w), where

N(w):=min{l e N: 07w e Qy;, N,fa_lw <lforallbe jbei_lw},
K(w) := min{M.,, C,(a, k(w))/ Ak(w) (W)}

-1

The remaining assertion follows by similar arguments using Z¢ "% > 79" "“(a)Z¢ , (a) B,

and Lemma B3] (i). O

By choosing a subset €. of €, for which K(w) is uniformly bounded, it immedi-
ately follows that there exists K : 0, — R, K > 0 with
I}—l( )< Zg*"w(a) < K( )
w) < L—2 w
— A0Tw) T ’
for a.e. w e Q, and n > N(w) with 6 "w € Q,. In particular, (X, T, ) is positive
recurrent as introduced in [3] which is a sufficient condition for the relative Ruelle-
Perron-Frobenius theorem (cf. Theorem 5.3 in there). For the definition of relative
exactness in the following statement, we refer to [6, [3].

Theorem 4.7 (cf. [3]). Assume that (X, T, ¢) has the b.i.p.-property and (H*) and
S(1-2) hold. Then there exists a measurable family of functions (¥ : w € Q) such
that, for p and X given by Theorem [{.3, the following holds.

(i) For a.e. w € Q, h* : X, — R is a positive, 1-Holder continuous function which
is bounded from above and below on cylinders.
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(ii) For a.e. w € Q, we have L{h* = Mw)ePe@pdw [ pep, =1
(11i) The random topological Markov chain is relatively exact with respect to (pu,).

In particular, for {f¥ :w € Q'} with f¢ € L'(u,) for a.e. w € Q, we have

=0.
Ll(ﬂ@"w)

lim
n—oo

Lw,nfw
¢ _ 0w w
An(w)e"PG(d)) h / f d,uw

(iv) The probability measure given by h*du,dP is T-invariant and ergodic.

Proof. These are immediate consequences of Theorem 5.3, Proposition 7.3 and Propo-
sition 7.4 in [3]. O

Remark 4.8. Recall e.g. from [I], that a random subshift of finite type is a random
topological Markov chain with ¢,, < co. Now assume that a random subshift (X,T")
of finite type is topologically mixing and has properties (H2) and (S1-2). Clearly,
(X,T) has the b.i.p.-property. Moreover, it easily can be seen that V{(¢) < oc.
Hence the above Theorem is an extension of Ruelle’s theorem in [I].

Furthermore, by considering a potential which is constant on cylinders of length
two, we obtain a Perron-Frobenius-theorem for the following class of random matri-
ces. Let A ={A,: we Q} with 4, = (p%, 1< Aly,j < ng) and p;; > 0 a.s. be a
measurable family of random matrices. We then refer to A as a summable random
matrix with the b.i.p.-property if

(i) the signum of A gives rise to a random topological Markov chain with the
b.i.p.-property,

(ii) for a.e. w € 07 H(Q; UQy,), we have
w
by . . w
sup {p_w pr < gwu%k < g@unpik 7& O} < 00,
ik

(iii) there exist positive random variables w — m,, and w — M, with log m,log M €
LY(P) such that, for a.e. w € Q,

By viewing A as a locally constant potential we arrive at the following random
Perron-Frobenius theorem. Below, R®~! stands for RN, and (B);; for the coefficient
of the matrix B with coordinates (i, 7).

17



Corollary 4.9. For a summable random matriz A with the b.i.p.-property, there
exist a positive random wvariable X : Q — R and strictly positive random wvectors
h={h eRe1: weQ)andp={u € Reeml : € Q} such that, for a.e.
w € Q,

(hou)tAw — A(w)h€w7 Awluﬁw _ )\(w)uw7 (hou)tuw - 1.

Furthermore, for a.e. w € Q) and i < £,,, we have

Z (Aw . AGw . AG"_lw)ij

— @R 0 — 0.
) iy | H

J

lim

n—o0

J<lony,

Proof. Let (X,T) be the random topological Markov chain given by the signum of

A and, for z € [apa1],, set ¢*(x) := logpl . . Then ¢ is 2-Holder continuous and,

by condition (ii), is 1-Hélder continuous for w € 671(,, UQ,,). As a consequence of

the summability assumption (iii), it then follows that Theorem [A.7] is applicable to

(X,T,¢). Solet N, b/ and p’ be given by this result. The random variable \ is then

defined by X := XNefe(®) . Furthermore, since L acts on functions which are constant

on cylinders, it follows by the construction of the eigenfunction in Proposition 7.3 in

[3] that A’ is constant on cylinders of length 1. Hence, with & given by hg := R’||
we have that, for a.e. w € Q and z € [b]g,,,

((h*)'A“)y = LY (W) (2) = Mw)h' (x) = A(w)hp”.

alwr

Furthermore, for p given by p& := ul ([al.), the identity AYu® = A(w)u® follows
by similar arguments. The remaining assertion is an application of Theorem [£1] (iii)
to the indicator function 1, O

As a concluding remark, we give an application of our results to the existence of
a stationary vector (or stationary distribution) for a stationary Markov chain with
countably many states in a stationary environment. Recall that such a Markov chain
is given by a random stochastic matriv A = {(p§j : i < lw,j < lgy) * w € Q}, that
is, Zjdew P =1 for every ¢ < fg, and a.e. w € ), where pi; > 0 stands for
the random transition probability from state ¢ to j. Moreover, a random vector

= {(n¥ : i < {,): we Q}is called random stochastic vector if 7 > 0 and

T
Yo, =1 for ae. we Q. If in addition, 7AY = 7% for a.e. w € Q, then 7 is
referred to as a random stationary distribution.

Corollary 4.10. Assume that A is a random stochastic matriz such that

(i) the signum of the transpose A of A defines a random topologically mizing
topological Markov chain with the big preimages property,

(i) for a.e. w € (), we have

5o ,
sup{ﬁ: Jik < Ly, i < Loy, Di 7&0} < 0.
ki
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Then there exists a unique random stationary distribution w. In particular, m > 0
and, for an arbitrary random vector {(f 1 i < £,) 1 w € Q} with Y, |f¥|n¥ < oo,
we have

-n —n -2 -1
nh_{rgo Z W? w(AG W, ATw L g0 wfw)j_Zfin%u —0.
J<lyg—n,, i
Proof. By assumption, the signum of A? defines a system ((X,T), (€2,671)) which s
topological mixing and has the big preimages property. Moreover, as a consequence
of (ii), the potential defined by ¢*|};;) := log p%; is 1-Holder continuous for w € 6(2,).
Since A is a stochastic matrix, it follows that the constant function 1 is an
eigenfunction of Ly, and hence ZY =1 for all n € N and a.e. w € ). For a € wt,
it follows from Lemma [33 (i) that there exists C,, > 0 such that Z¢(a) - C,, > 1 for
all n € J,(Q,) sufficiently large. Hence Pg(¢) = 0, (X, T, ¢) is of divergence type
and positive recurrent. The assertion then follows using similar arguments as in the
proof of Corollary 4.9 O

Remark 4.11. It follows from Remark [£4] with {u,} referring to the invariant
measure associated with ((X,T),(Q,071)) and for v = (vg...v,) € WL that
po(fe) =m0, "l

v Pogun_1 " Pujwg

Hence, ((X,T),(£,071)) might be seen as the time reversal of a (probabilistic)
Markov chain in random environment. However, for a random stochastic vector
{v*}, it follows that {v*A“} can be recovered from, for i € Wy,

(VWA = /[i] ¥ o T%dpg,, = /Lz)w(l[i})ywd,uw.
Hence, the above result is closely related to Problem 5.7 in [10].
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