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ABSTRACT. We study the specification property for partially hyperbolic dy-
namical systems. In particular, we show that if a partially hyperbolic diffeo-
morphism has two saddles with different indices, and stable manifold of one of
them coincides with the strongly stable leaf, then it does not satisfy the spec-
ification property. As an application, we prove that there exists a Cl-open
and dense subset P in the set of robustly non-hyperbolic transitive diffeomor-
phisms on a three dimensional closed manifold such that diffeomorphisms in
P do not satisfy the specification property.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Let (X, d) be a compact metric space, and let f: X — X be a homeomorphism.
We say that f satisfies the specification property if for each € > 0, there is an integer
N(eg) for which the following is true: if I, I, - , I are pairwise disjoint intervals
of integers with

min{|m —n|:m e I;;n € I;} > N(e)

fori # jandxy, -+ ,zx € X then there is a point x € X such that d(f7(z), f7(x;)) <
¢ for j € I, and 1 < i < k. This property was introduced by Bowen in [9] and
roughly means that arbitrary number of pieces of orbits can be “glued” to obtain
a real orbit that shadows the previous ones. It is well-known that all topolog-
ically transitive uniformly hyperbolic dynamical systems satisfy the specification
property. Dynamical systems satisfying the specification property are intensively
studied from an ergodic viewpoint [8, 20] and algebraic viewpoint [2, 14].

Recently, several authors studied the specification property from a viewpoint
of geometric theory of dynamical systems. In [19], Sakai and the first and third
authors proved that the Cl-interior of the set of all diffeomorphisms satisfying
the specification property coincides with the set of all transitive Anosov diffeomor-
phisms. Moriyasu, Sakai and the third author extended the above results to regular
maps, and proved that C'-generically, regular maps satisfy the specification prop-
erty if and only if they are transitive Anosov ([15]). A counterpart of these results
for the time-continuous setting was obtained more recently by Arbieto, Senos and
Todero [3]. Owing to these results, the relation to hyperbolicity turns out to be
clear. The aim of this paper is to explain the results on the specification property of
non-hyperbolic dynamical systems. More precisely, this paper is largely motivated
by the result of Bonatti, Diaz and Turcat ([7]) on the shadowing properties. Since
specification and shadowing are closely related, although none implies the other,
before stating our main theorem, we explain their main result.

Throughout, let M be a closed manifold with dim M > 3, where dim F denotes
the dimension of E, and let Diff (M) be the space of C''-diffeomorphisms of a closed
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C®° manifold M endowed with the C'-topology. Given f € Diff (M), a D f-invariant
splitting TM = E @ F is dominated if there is a constant k£ € N such that

IDa )] _ 1
1D ) = 2

for every x € M and every pair of unitary vectors v € E(z) and w € F(z). In
some cases, we consider splittings with three bundles. A D f-invariant splitting
TM = E® F ¢ G is dominated if both splittings (E @ F)® G and E& (F & Q)
are dominated.

A D f-invariant bundle E is uniformly contracting (resp. expanding) if there are
C > 0 and 0 < A < 1 such that for every n > 0 one has || D, f"(v)|| < CA"|v]|
(resp. || Dz f~"(v)|| < CA"||v]|) for all z € M and v € E.

We say that the diffeomorphism f is partially hyperbolic (resp. strongly partially
hyperbolic) if there is a D f-invariant splitting TM = E® @ E€ @ E* such that E*
and F* are uniformly contracting and uniformly expanding respectively, and at
least one of them is (resp. both of them are) not empty. In fact a Riemannian
metric that generates a norm satisfying C' = 1 is called adapted metric, and the
existence of adapted metrics for partially hyperbolic transformations was obtained
by Gourmelon [11]. Moreover, it is well known that when E? is not empty, the
sub-bundle E?¢ is uniquely integrable and hence there is a foliation F° which is
tangent to E° (0 = s,u). We refer to F* as the strong unstable foliation and to
F* as the strong stable foliation.

A diffeomorphism is hyperbolic if it is strongly partially hyperbolic and E°¢ is
empty. We say that E° is the central direction of the splitting. In this paper,
we often treat strongly partially hyperbolic diffeomorphisms with one-dimensional
central direction, so we denote by SPH1(M) the set of such diffeomorphisms. We
note that SPH; (M) is open in Diff(M). In the case that p is a hyperbolic periodic
point for f then there exists € > 0 small so that the unstable set

Wip)={z e M:d(f"(z),f "(p)) <eforalln >0} = ﬂ B_,.(p,¢)

n>0

is the local unstable manifold at p with size . Analogously, W2 (p) = (,,>o Bn(p, ).
We refer the reader to [12] and [21] for more details. -

We say that f € Diff (M) is transitive if there is x € M whose orbit is dense in
M. A diffeomorphism f is robustly transitive if there is a C'-neighborhood U(f)
of f in Diff (M) such that any g € U(f) is transitive. Denote by RN'T the set of
robustly non-hyperbolic transitive diffeomorphisms in Diff (M), that is, the set of
diffeomorphisms f having a C!-neighborhood U(f) of f such that every g € U(f)
is non-hyperbolic and transitive.

A diffeomorphism f € Diff(M) satisfies the shadowing property if for any ¢ > 0
there exists 0 > 0 such that for every sequence (z,,),cz of points in M satisfying
d(f(xn),Tnt1) < 9 (n € Z), there exists © € M so that d(f"(x),z,) < e (n € Z).
In other words, the orbit of 2 e-shadows the d-pseudo-orbit (2, )nez. In [7], Bonatti,
Diaz and Turcat proved the following theorem and corollary:

Theorem 1.1. Let f: M — M be a transitive diffeomorphism with a strongly
partially hyperbolic splitting on M with dim M = 3. Assume that f has two
hyperbolic periodic points p and ¢ such that dim(WW*(p)) = 2 and dim(W*(q)) = 1.
Then f does not satisfy the shadowing property.
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Corollary 1.2. Let dim M = 3. There is a C'-open and dense subset P in RN TN
SPH1(M) such that every f € P does not satisfy the shadowing property.

As mentioned before, both the specification and shadowing properties reflect the
approachability of pseudo-orbits or finite pieces of orbits of the dynamical system
by true orbits. Although these two notions do not coincide in general, it is known
that C'-robust specification and C'-robust shadowing are equivalent to uniform
hyperbolicity. We refer the reader to [18, 19] for the precise statements. Moreover,
the relation between the shadowing and specification properties for continuous maps
have been studied more recently by Kwietniak and Oprocha in [13]. Inspired by the
previous results we proved that the absence of specification is C'-open near some
partially hyperbolic dynamical systems that are not uniformly hyperbolic. More
precisely:

Theorem A. Let f: M — M be a diffeomorphism admitting a partially hyperbolic
splitting E°* ® E°® E". Assume that there are two hyperbolic periodic points p and
q such that either dim E* = dim W*(p) < dim W*(q) or dim E* = dim W?*(q) <
dim W#(p). Then f does not satisfy the specification property.

Let us mention that our result holds for partially hyperbolic dynamical systems
in manifolds with dim M > 3. In the case that the central direction E¢ is one
dimensional, any two hyperbolic periodic points with different indices verify the
previous assumptions. Hence, we obtain from the previous result the following
consequence.

Corollary 1. Let f € SPH1(M) and suppose that there exist two hyperbolic pe-
riodic points p,q with different indices. Then f does not satisfy the specification
property.

We note that the previous corollary is not only the analogous result to Theorem
1.1, but also states that the non-hyperbolic transitive diffeomorphisms seldom have
the specification property. The following corollary is a counterpart of Corollary 1.2.

Corollary 2. There is a C*-open and dense subset P in RN'T NSPH1(M), such
that every f € P does not satisfy the specification property.

If dim M = 3, then we can remove the assumption of partial hyperbolicity.

Corollary 3. Suppose that dim M = 3. Then there is a C'-dense open subset P
in RNT so that every f € P does not satisfy the specification property.

In conclusion, together with the results by [7] we obtain that, for three-dimensional
manifolds M, C'-openly and densely in RN'T NSPH; (M) the diffeomorphisms do
not satisfy both the specification and shadowing properties. On the other hand,
several authors considered more recently either measure theoretical non-uniform
specification properties (see e.g. [16, 23]) or almost specification properties (see
e.g. [17, 22]) to the study of the ergodic properties of a given dynamical system.
One remaining interesting question is to understand which partially hyperbolic
maps do admit such weaker specification properties.

2. PROOF or THEOREM A

In this section, we prove Theorem A. First, we rewrite the definition of the
specification property using the very useful notion of (closed) dynamical balls and
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prove the preliminary lemma. Given x € M, € > 0 and m,n € Z with m < n and
I =[m,n]| set

Bi(2,¢) = Bynj(a,€) = {y € M: d(f(y), /' (a)) < e,m < j < n}.

If no confusion is possible, set B, (x,e) = Bjp n)(x,€) and B_,(x,¢) = By, (2, €).
Then, the specification property can be written as follows: given € > 0 there exists
a positive integer N = N(g) > 1 so that for any z1,...,2; € M and intervals of
integers I; = [m;, n;] with m; <n; and m;4+1 —n; > N it holds that

k—1
n fimj (Blj ((Ej,é)) # 0.
=0

Lemma 2.1. Suppose that f: M — M satisfies the specification property. Then
for every hyperbolic periodic point p both the stable and unstable manifolds W#(p)
and W*(p) are dense in M.

Proof. Given a hyperbolic periodic point p for f we prove that the unstable man-
ifold W*(p) is dense in M, since the proof for the density of W#(p) is completely
analogous. Let us assume for simplicity that p is a fixed point, since otherwise just
consider f¥ where k is the period of p.

Let W (p) denote the local unstable manifold for some 1 > 0. Take any point
x € M and €9 > 0. It is sufficient to show that there exists a point w € M such
that d(z,w) < e» and w € W¥(p). We set £ := 2 min{e;,e>} and take an integer
L > N(e). Since f satisfies the specification property, for any n > 1,

FH(Bon(p,€)) N B(x,e) #0,
where B(z,¢) stands for the closed ball of radius € around z. Since the previous

is a strictly decreasing family of sets, by compactness of M, there exists a point
w € M such that

we () fH(Bonlp,e) NB(x,e).
n=1
Then we have d(w, z) < e and d(f~"(f~(w)), f~"(p)) < &1 for any n > 1. The
latter implies that w € fL(W2 (p)) = fX (W (f~*(p))). Thus we have w € W"(p)
and d(z,w) < g9, which proves the lemma. a

It follows from [15, Corollary 2] that C'-generically, non-hyperbolic diffeomor-
phisms do not have the specification property. On the other hand, maps with the
specification property could be dense in the complement of the uniformly hyper-
bolic diffeomorphisms. Our purpose in Theorem A is to prove that this is not the
case even for some partially hyperbolic dynamical systems.

Proof of Theorem A. Let f: M — M be a diffeomorphism admitting a partially
hyperbolic splitting E* & E€ & E* and assume p and ¢ are hyperbolic periodic
points for f satisfying dim E* = dim W*(p) < dim W*(q) (the case that dim E* =
dim W*(q) < dim W*(p) is analogous).

Assume, by contradiction, that f satisfies the specification property. Then it
follows from [20, Proposition 2 (b)] that f is topologically mixing. Thus f has
neither sinks nor sources. In particular, dim E* = dim W*(p) > 0, which implies
that E* is not empty.

In the next proposition we recall some necessary results relating some shadowing
properties with the location of the shadowing point in unstable disks. First we
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introduce a notation. For z € W*(p) and n > 0 we will consider the local unstable
disk around z in W*(p) given by

V() = {z € W*(p) : d"(z,2) < n}.
Here d* is the distance in W*(p) induced in the Riemannian metric.

Proposition 2.2 ([7], Proposition 3). There exists a small positive constant £ such
that for any € € (0,¢7) the following holds: if x € W¥(p) and d(f~"(z), f"(x)) < e
for any n > 1, then z € vj.(z).

Then we are in a position to prove the next proposition, which is a key ingredient
in the proof of our main Theorem A.

Proposition 2.3. Let ¢; be as in Proposition 2.2. Then there exist n > 0, € €
(0,e1) with 4e < n and a point € W*(p) such that

N (@) N Wi (q) =0,
where N = N(e) is as in the definition of the specification property.

Proof. Since E* is not empty, it is well known that the sub-bundle E* is uniquely
integrable and hence we have a foliation F* which are tangent to E, called the
strong unstable foliation (see [12]). As usual, let us denote by F*(z) the leaf of the
foliation F* that contains the point z. Then, Lemma 2.1 guarantees that W%(p)
is dense in M. Given r > 0, let us consider the family

L(p) ={V(w):w € B(p,r)},
where V' (w) is the connected component of F*(w) N B(p,r) containing w. Choose
a local disk Dy and 1 > 0 so small that D} is transverse to the family L(p), p € Dy,
and for any open disk U contained in Dg, A(U) := U,y F(2) is homeomorphic

to U x [-n, 9™ £". Here we set

Fp(z) ={w e F(z) : d"(2,w) <},
where d* is the distance in F*(z) induced in the Riemannian metric. We set
e := min{n/5,e1/2}.

Next, we choose a compact disk K such that W (¢9) € K and K is transverse
to E*. Since K is transverse to E* then K N fV (75 (p)) consists of finitely many
points {21, za, -,z }. Choose an open subdisk Dy C D}, containing p such that
KiNK; =0ifi# j. Here K; is a connected component of K N f~(A(Dy))
containing z;, for 1 < i < k (see Figure 1).

For each 1 < i < k, we set D; = f~N(K;) and consider a holonomy map
;. D; — Dg which is defined by

mi(w) = v if {w} = D; NF*(v), (v € Dy).
By our choice of Dy, --- , Dy, for each 1 < ¢ < k, 7; is a homeomorphism. Since
W, (g) is a closed submanifold with dim W (q) < dim K;, K; \ W, (q) is open and
dense in K;. Thus, if we set 77 := m; o f‘N(W;;(q)), then Dg \ (Uf:1 ~¢) is dense
and open in Dy. So we can find an open subdisk U C Dy \ (Uf:1 v¢) (see Figure
2).
Since A(U) is homeomorphic to U x [—n, n]4™ £ and W*(p) is dense in M, we
can find a point 2’ € A(U) N W*¥(p). This implies that there exists a point x € U
such that 2’ € F/(z). So x € W¥(p) and F}/(x) = ~,/(z). By the choice of U, we
have fN('y;]‘(:E)) N Wy (q) = 0, which proves the proposition. a
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Now we continue the proof of Theorem A. For each € > 0 let N = N(eg) > 1
be the integer as in the definition of the specification property. Then it follows
from Proposition 2.3 that there are n > 0 and € € (0,&;) with 4e < 1 and a point
x € W*¥(p) such that

F¥ () N W (g) = 0.
On the other hand, it follows from the specification property that for any n > 1
one has fN(B_,(z,¢)) N B,(q,e) # 0 and consequently, using the compactness of
M, we have

(M ¥ (B_n(x,€)) N Bulg,e) # 0.

Therefore, there exists a point z € M such that d(f~"(f N (z)), f"(z)) < e
for any n > 0 and d(f™(2), f"(¢)) < e. Thus it follows from Proposition 2.2
that z € fN(y%(x)) N W;(q), which is a contradiction. This finishes the proof of
Theorem A.
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3. PROOFS OF COROLLARIES

Proof of Corollary 2. It follows from [1, Theorem 3.1] that there is an open and
dense subset P’ in RNT such that every diffeomorphism in P’ has two saddles
with different indices.

We set P =P’ NSPH1(M). Then by the openness of SPH1 (M), P is open and
dense in RNTNSPH(M). Let f € P. Then there are two saddles p and ¢ so that
dim W*(p) < dim W*(q). Since dim E€ = 1, we see that dim W*(p) = dim E*. So,
by Theorem A, we have Corollary 2. O

Proof of Corollary 3. Let M be a three dimensional closed manifold and RAT be
the set of robustly non-hyperbolic transitive diffeomorphisms. Then it follows from
[1, Theorem 3.1] that there is an open and dense subset P in RAT so that for any
f € P such that every diffeomorphism in P has two saddles with different indices.
Let f € P. Since f is robustly transitive, it follows from [10] that f has a
partially hyperbolic splitting E* & E° & E°. Thus, the existence of two saddles

with different indices, together with Theorem A imply Corollary 3.
O
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