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Abstract

Differential equations that describe pseudospherical surfaces are considered. These equations are equiv-
alent to the structure equations of a metric with Gaussian curvature K = —1. They can also be described
as the compatibility condition of an associated linear problem also referred to as a zero curvature represen-
tation. A complete and explicit classification of a class of fourth order evolution equations is given. The
classification provides four huge classes (referred to as Types I-1V) of fourth order evolution equations
that describe pseudospherical surfaces, together with the associated one (or more) parameter linear prob-
lems. The differential equations of each type are determined by choosing certain arbitrary differentiable
functions. Fourth-order member of the Burgers hierarchy and a modified Kuramoto—Sivashinsky equation
are examples of equations described by Types I and IV, respectively. Many other explicit examples are
presented.
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1. Introduction

Differential equations which describe pseudospherical surfaces appear in a wide range of
contexts, from physics to applied and pure mathematics, as suitable models in the description
of nonlinear phenomena. Geometrically these equations are characterized by the fact that their
solutions provide metrics on open subsets of R?, with Gaussian curvature K = —1.

The first well known example of such an equation is the sine-Gordon equation z,; = sin(z).
This example was discovered by Edmond Bour [7], who realized that the Gauss—Mainardi—
Codazzi equations for pseudospherical surfaces contained in R?, in terms of Darboux asymptotic
coordinates, reduce to the sine-Gordon equation. The discovery of Bicklund transformations [2]
first, and later the construction by Bianchi of the superposition formula for solutions of this
equation [8], focused even more attention on the sine-Gordon equation, that turned out to be an
important model in the description of several nonlinear phenomena (see for example [19,21,33]).

The interest on the class of differential equations that describe pseudospherical surfaces began
with the early observation [32] that equations such as KdV, MKdV and the sine-Gordon equation
belong to this class. The definition and a theoretical approach in studying such equations were
introduced in the fundamental paper by Chern and Tenenblat [12]. The importance of the differ-
ential equations that describe pseudospherical surfaces is due to the fact that, as a consequence
of its definition, such a differential equation is the integrability condition of a linear system of
partial differential equations. This linear system may be used in the inverse scattering method to
provide solutions to the differential equation. Moreover, more recent studies on nonlinear phe-
nomena described by such equations (see for example [9,15,26,29]) prove the relevance of these
equations and justify our general interest in their study and their classification.

A differential equation for a real function z(x, ) is said to describe pseudospherical surfaces
if is equivalent to the structure equations, dwi = w3 A w2, dwy = w1 A W3, dw3 = w1 A w2,
of a 2-dimensional Riemannian manifold whose Gaussian curvature K = —1, with 1-forms w; =
firdx + fi2dt where f;; are smooth functions of z and its derivatives.

In [12], the authors obtained classification results for evolution equations of the form z; =
F(z,21, ..., zx) (from now on we denote z; = d'z/dx'), with the assumption that f>; = 1, where
n is a parameter. A similar problem for equations of the form zy; = F(z, z1, ..., 2Zk) was also con-
sidered. A noteworthy result of this study was an effective method for the explicit determination
of entire new classes of differential equations that describe pseudospherical surfaces. Motivated
by the results in [12], in a series of subsequent papers [ 18,22—24], this method was sistematically
implemented and new classes of pseudospherical equations were identified still with the assump-
tion that f>; = 7. In [10], the authors showed how the geometric properties of pseudospherical
surfaces may provide infinite number of conservation laws when the functions f;; are analytic
functions of the parameter 1. The parameter appearing in the linear problem is important not
only in the existence of infinite number of conservation laws, but is also related to Backlund
transformations and to the inverse scattering method [5].

In 1995, Kamran and Tenenblat [20] gave a complete characterization of evolution equations
of type z; = F(z, 21, ..., 2k) Which describe pseudospherical surfaces, in terms of necessary and
sufficient conditions that have to be satisfied by F and the functions f;;, with no restriction on
the functions f;;.

Reyes [25] considered evolution equations of the more general form z; = F(x,1, z, 21, ..., 2k),
allowing x, ¢ to appear explicitly in the equation, with the assumption that f; = n. Then, in a
subsequent series of papers [26—28] Reyes also studied other aspects of such equations.
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Differential systems describing pseudospherical surfaces or spherical surfaces (metrics with
constant positive curvature) were studied by Ding and Tenenblat in 2002 [14]. Such systems
include equations such as the nonlinear Schrédinger equation and the Heisenberg Ferromagnet
model. Large new families of differential systems describing pseudospherical surfaces were ob-
tained. These families intersect those obtained by Fokas in [15].

The complete characterization results obtained in [20] are extremely useful, either in checking
if a given differential equation describes pseudospherical surfaces or in generating large families
of such equations. As an application of [20], more recently in [17], Gomes Neto gave a clas-
sification of fifth order evolution equations of the form z; = z5 + G(z, 21, 22, 23, 24), under the
assumption that f>; and f3; are linear combination of fi;. This assumption introduces four pa-
rameters and it extends the case previously studied f»; = n. The results in [17] permitted the
explicit description of huge classes of such equations.

All the above mentioned results produced, apart from the already well known examples of
differential equations that describe pseudospherical surfaces, a great amount of new equations
whose physical relevance is highly expected. For example, some applications of equations classi-
fied by Rabelo and Tenenblat [ 18,22-24] have been recently suggested (see for example [29-31]).
However, the same should occur, for instance, in the case of results presented in [17] and in this
paper.

We should mention that a higher dimensional geometric generalization of the sine-Gordon
equation, characterizing n-dimensional submanifolds of the Euclidean R?"~! with constant sec-
tional curvature K = —1, was considered in [35] and its intrinsic version as a metric on open
subsets of R”, with K = —1, was studied in [6]. Other differential n-dimensional systems that
are the integrability condition of linear systems of PDEs can be found in the so called generating
system (see [34] and its references).

In this paper, we classify differential equations that describe pseudospherical surfaces of the
form

=24+ G(2, 21,22, 23), (1.1)

with associated 1-forms

w1 = fnidx + fiodt, wy = fordx + frodt, w3 = f31dx + f3dt, (1.2)

with the assumption, analogue to that in [17], that

fsi=wusfir+ns, us,ns €R, 2<5 <3, (1.3)

The reason for such an assumption, besides extending the case f2; = n, is that it has the
advantage of simplifying noteworthily the classification of differential equations that describe
pseudospherical surfaces of the form (1.1). Our interest in fourth order equations is due to the
fact that very little is known for such equations in the existing literature.

Our main result shows that the evolution equations that we are considering are classified
into four large types of equations. In each type, a differential equation is obtained by choosing
arbitrarily certain differentiable functions. Fourth-order member of the Burgers hierarchy and a
modified Kuramoto—Sivashinsky equation are examples of such equations. Many other examples
are presented as well. Each type is presented in a form which permits to identify the one (or
more)-parameter linear problem, whose integrability condition is the evolution equation.
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The paper is organized as follows. In Section 2, we collect some preliminaries on differential
equations that describe pseudospherical surfaces. Moreover, given such an equation with asso-
ciated 1-forms w;, we provide the linear system of PDEs whose integrability condition is the
differential equation.

In Section 3, we state our main result (Theorem 3.1), which classifies the differential equa-
tions into Types I-IV and we summarize the classification scheme followed in the subsequent
Sections 5 and 6. Moreover, we give some simple examples from the huge classes of equations
described in the main theorem.

Section 4 is devoted to a preliminary analysis which will be used in the rest of the paper. In
particular, it is observed that the classification is based on the separate analysis of the two main
cases p # 0 and p = 0 (where p is a constant determined by the parameters s, 15). These two
cases will be separately analyzed in Section 5 and Section 6, respectively.

Section 5 gives a complete description of the differential equations that describe pseudospheri-
cal surfaces corresponding to p # 0. This case is completely studied in Theorems 5.3, 5.5 and 5.6,
which provide the differential equations of Types I, II and III respectively. In each theorem, the
associated 1-forms corresponding to each type of equation are given explicitly.

Section 6 gives a complete description of differential equations that describe pseudospherical
surfaces corresponding to p = 0. As in the previous section, this case is completely studied
and a complete description of the 1-forms w;, together with the corresponding pseudospherical
equation, is provided in Theorems 6.2, 6.4 and 6.5. The differential equations of Type IV are
given in Theorem 6.4. Those given in Theorems 6.2 and 6.5 are of Types I and III respectively,
however the associated 1-forms may be different from the ones given in Theorems 5.3 and 5.6 in
Section 5.

In Section 7 we prove the main theorem, Theorem 3.1, as an immediate consequence of the
results of the previous Sections 5 and 6. Moreover, we provide other examples of equations
obtained from our classification. In particular, it is shown that the fourth-order member of the
Burgers hierarchy and a modified Kuramoto—Sivashinsky equation are differential equations of
Types I and IV, respectively.

2. Preliminaries

If (M, g) is a 2-dimensional Riemannian manifold and {w1, w;} is a coframe, dual to an or-
thonormal frame {e1, €5}, then g = w% +a)§ and w; satisfy the structure equations: dw; = w3 A wy
and dwy = w1 A w3, where w3 denotes the connection form defined as w3 (e;) = dw; (e1, e2). The
Gaussian curvature of M is the function K such that dw3 = —Kwi A w;.

Now, a differential equation &, for a real-valued function z(x, t), describes pseudospheri-

cal surfaces if it is equivalent to the structure equations of a surface with Gaussian curvature
K=-1,ie.,

dw; = w3 AN wa, dwy = w1 A w3, dws =w| AN wa, 2.1
where {w], wy, w3} are 1-forms

w1 = fndx + fiadt, wy = fordx + foodt, w3 = f31dx + f3dt, (2.2

with w1 A wz # 0 and f;; are functions of z(x, ) and derivatives of z(x, 7).



D. Catalano Ferraioli, K. Tenenblat / J. Differential Equations 257 (2014) 3165-3199 3169
The classical celebrated example of the sine-Gordon equation z,; = sin(z) corresponds to
1 . 1
w1 = —sin(z) dt, wy =ndx + —cos(z)dt, w3 =27y dx.
n n

Equations that describe pseudospherical surfaces can also be characterized in a different way.
For example, the system of equations (2.1) is equivalent to the integrability condition of the linear

system
dv! 1 W W] — w3 vl
<dU2) D) <w1 + w3 —wy w2 )’ 2.3)

where vl = vi(x, ). Moreover, by using the notation V = (!, )T

sl(2, R)-valued smooth functions (also known as Lax pair in matrix form)

_ l f21 f11 — f31 _ l f22 f12 _ f32
_2<f11+f31 — >’ B_2<f12+f32 — >, 2.4)

and considering the

(2.3) can be written as the linear problem

v
ax

v

AV, = =BV. (2.5)
at

The linear system (2.5) or (2.3) is usually referred to as the linear problem associated to &.
An important contribution to solving the differential equation &, is the application of the inverse
scattering method to the linear problem associated to £. This method was introduced in [16] and
it can be reformulated in terms of a Riemann—Hilbert factorization problem [3.4]. In particular,
when f>1 = n, where 1 is a parameter and f11, f31 are independent of 7, the linear problem (2.5)
is the so called AKNS system [1].

It is easy to show that (2.1) is equivalent to the integrability condition of (2.5), namely

94 _ 98 A,B]=0 2.6
o ax+[’]_' (2.6)
This condition is usually referred to as an sl/(2, R)-valued zero-curvature representation [13]
for the differential equation £. Notice that, (2.6) is invariant under the gauge transformations:
A— AS=SAS7'+ 5.5, B— BS=SBS™! + 5,5, where S is an SL(2, R)-valued
smooth function.
Throughout this paper, partial derivatives of z of order i with respect to x will be denoted
by z;, i.e.,

9z
Zi=——.
dax!

Hence, an evolution equation of order k, not depending on x and ¢ explicitly, will be written in
the form

2zt =F(z,z1,..., 2%)- 2.7)
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Necessary and sufficient conditions for equation (2.7) to describe pseudospherical surfaces
are given by the following theorem

Theorem 2.1. (See [20].) An equation
2 =F(z, 21, -, 2)

describes pseudospherical surfaces if, and only if, there exist functions f;; such that

Ji1f2 — fiafa1 #0, (2.8)
A=(fi1.2)* + (1.0 + (fs1.0)* #0, (2.9)
fitz; =0, fiz =0, 1<i<3,1<j<k, (2.10)

satisfying differential equations

12— 231 — fi1,:F+Bi2=0,
f12f31 = fitfz2 — fo1,.F + B =0,

fizf21 = firfaa — f31,.F + B3 =0, (2.11)
where
k-1
Bjp=)_ fiazzis1. 1<j<3. (2.12)
i=0

In order to obtain classification results of differential equations that describe pseudospherical
surfaces of the form (2.7) one has to obtain F* and the functions f;; satisfying (2.8)—(2.11).

3. Main result and simple examples

In this section, we state our main theorem that provides a complete classification of the differ-
ential equations that describe pseudospherical surfaces of the form (1.1), under the assumption
that the associated 1-forms, w; = fij1dx + fiadt, 1 <i <3, satisfy (1.3), i.e., fs1 = s f11 + s,
us,ns € R, s = 2,3. Moreover, we provide some examples of such evolution equations. The
proof of the main theorem will be given in the following sections.

In order to describe the classification scheme, we introduce the following notation for some
constants defined in terms of w, and 7y, that will be used throughout this paper:

a = pan — kans,
a=1+pu3—u3,

p=—na+2usa,

81 =—a(ns —n}) +d?,

$2=—p3(1 —id) — (1 + 3"

Y = p2(u3nz — n3pu2) — n3. (3.1)
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(Tfl = 83) Equations of Type |
ieorem 5.

p#0 —
a=0 Equations of Type Il
(Theorem 5.5)
181 #0
a#0 Equations of Type Il
(Theorem 5.6)
Fig. 3.1. Classification scheme when p # 0.
6,=0 Equations of Type |
(Theorem 6.2)
p= 0 ———

a=0 Equations of Type IV

(Theorem 6.4)

02 #0

PR
a#0 Equations of Type llI
(Theorem 6.5)

Fig. 3.2. Classification scheme when p = 0.

In Section 4, we will show that the classification naturally splits into two main cases: p # 0
and p =0, where p is the constant defined by (3.1). These two cases will be analyzed separately
in Section 5 and Section 6, respectively. In Section 5, we will show that equations corresponding
to p # 0 can be subdivided into three types as shown in Fig. 3.1, where « and §; are given
in (3.1). Analogously, in Section 6, we will show that equations corresponding to p =0 can be
subdivided into 3 cases as shown in Fig. 3.2, where §; and « are given in (3.1), providing only
one new type of equation. Each one of the four types of equations is given explicitly in terms of
certain arbitrary differentiable functions. Figs. 3.1 and 3.2 summarize the classification scheme
of the paper and they can be used as a reference to identify the type of a given equation.

The results of Sections 5 and 6, will prove the following theorem which is the main result of
the paper

Theorem 3.1. An evolution equation which describes pseudospherical surfaces of the form (1.1),
with associated 1-forms given by (1.2) satisfying (1.3), belongs to one of the following four types:

Type I:

2h" B
It =24+ [711 +h+ thl ]23 + (W + w;lu )Z%
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h/// hh// 2
h/zlz +<h’+ - +%>ZIZZ

hw,zl w iy 44 h V4
+< v +7>Z2+‘”h %+(,‘f, +1/f>21, (32)

where h(z) and ¥ (z, z1) are arbitrary differentiable functions, such that h' # 0 on a
nonempty open set;

Type 1I:

4h// r/ 3h// 2 6h/// 3r// /
Zz=Z4+[ ot }zs—l— W +< o +7Z1 —2h>zz— (2hh/ +r>21

X P h(4)
+ <_2hW — /’/)Z% + WZ? + 72?, (3.3)

where h(z) and r(z) are arbitrary differentiable functions, such that h' # 0 on a
nonempty open set.

Type 1I:
. 4h”+2h/ LY v n 3h”+2h’ 2
it =24 X n )T | X w2
" 6h! 10R" n 2 3¢/ 3@//
S v s _5(ﬁ> ]z%zz—i—( Tt >21Z2+( eh? +m)zs
N NS +2h/// 2(/’1”)2 SH R 5 % 3 .
T h mh' W2 n) |9
B h// Zh/ Z/N 22// 3
/
* (‘W*ﬁ)‘f T T }Zl
B h// h/ h// h/
+ ehz(—W _ZE> + (ﬁ + z)m}z%
[ he 4
+ | —€ 74-@ +mW 21, 3.4
where h(z) and £(z) are arbitrary differentiable functions, such that h' # 0 on a
nonempty open set, € = 1, and m # 0 is a real constant.
Type IV:

h" b2 ?.z ¢z roh )
= LY 3.5
“ Z4+<h’ % ) % T T T 3-3)

where h(z) and ¢(z, 71, 22) are arbitrary differentiable functions, such that h’' # 0 on
a nonempty open set, ro and A are constants, such that rg +22£0.
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Theorem 3.1 classifies the evolution equations of the form (1.1), with associated 1-forms
w; = fitdx + fipdt, 1 <i <3, satisfying (1.3), i.e., fs1 = s f11 + 05, Us, s €R, s =2, 3 into
four types of equations. In each case, the explicit expressions of the associated 1-forms w; (and
hence the associated linear problems) are given as follows. Using the notation introduced in (3.1):

Type I: Equations of the form (3.2) correspond to the cases {p # 0, 61 =0} or {p =0, 6, = 0}.
Its associated 1-forms are described in Theorems 5.3 and 6.2 respectively.

Type 11: Equations of the form (3.3) correspond to the case {p # 0, §; # 0, « = 0}. Its associ-
ated 1-forms are described in Theorem 5.5.

Type 111: Equations of the form (3.4) correspond to the cases {p # 0,81 # 0, a # 0} or {p =0,
82 # 0, a #£ 0}. Its associated 1-forms are described in Theorems 5.6 and 6.5 respectively.

Type IV: Equations of the form (3.5) correspond to the case {p =0, §2 # 0, « = 0}. Its associ-
ated 1-forms are described in Theorem 6.4.

We observe that equations of Type I may have distinct 1-forms and hence distinct associ-
ated linear problems, depending on the constant p being zero or not. A similar fact occurs with
equations of Type IIL

Here are some simple examples of equations described by the classification given in the paper.
Further examples will be found in Section 7.

Example 3.2. Equation

- 35
it =234 —223 2Z 21,
is an example of Type 1. One can explicitly write the corresponding 1-forms w; = fj1dx + fiadt
where the functions f;; are

3ez+ 2 fo 3 m 1 1
fiil=——7—7—, fo="=4+ 0+ -z + -2 ),
2442 w2 2 1y 2 4
3ez 3 3, 1,
fa1= 7 S = e <Z22+ g5 ~ % Z3),
3z+2¢ 3 1 1
f31=—4772, f32=€[@+—2(12+—z11+—z3)},
2442 w2 2 1o 2 4

where urny #0, € = £1, u3z =€, n3 = 0. Observe that p = 2enauo # 0, §1 = 0. Hence the cor-
responding linear problem (2.5), where A and B are given by (2.4), depends on two parameters.
One can also obtain a linear problem depending on three parameters.

Example 3.3. Equation

it =24 — 223 — 2122

is another example of Type 1. One can explicitly write the corresponding 1-forms w; = fj1dx +
fi2dt where the functions f;; are

—€Z— M2 €
m=———- fio=—[-z3+ @ +em)z],
n2 Mn2
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1 =—ez, fr=e(—z3 +222),

—Z—€m 1
fi1=——, f32=—[—23+(z+6772)22],
u2 M2

where wan2 #0, € = £1, u3 =€, n3 = 0. One can check that p = 2enrur # 0, §; = 0. Hence
the corresponding linear problem (2.5), where A and B are given by (2.4), depends on two

parameters.
(+u3)

The same equation, however, can also be obtained by taking 13 = %, / ,u% —l,ur=¢€ s

|3l > 1, e = &1 and 1-forms (2.2) determined by the functions f;; where

eyn;—1 mn eyni—1 m
fui=—7F-—z——"} fuo=—F—\uB—222+—22),

23 U3 2u3 M3
+p3)  m 1+ 43 (1 —u3)

fr1=—"74+—(u3—1), fo= (23 —z222) + ——5—M22,

2p3 Z,u%( ) 2 2u3

€ //L%_l n2 € I’L%_l N2
fr=——F—z+t—), fro=—F—\m—22——22).

2 U3 2 M3

Observe that in this case p = 0 and §; = 0 and the 1-forms w; are different from the ones given
above. Again the corresponding linear problem (2.5), where A and B are given by (2.4), depends
on two parameters. One can also have a linear problem depending on three parameters.

Example 3.4. Equation

2
2t =24 — 2220 — 23

is an example of Type II, with 1-forms (2.2) determined by the functions f;;, where

—€ 1 € 71
f11=4<z+—>, f12=7<_23_M2Z2+ZZl+—),

N A NEE 2
—€U 1 € 21
fa= —(z + §>, fo= —(—,uzza + 22+ pazz1 + “23)’
,/1+/L§ ,/1+u§
for = foo= :
31=5-2 32 =—213 5 ~2)a

where € = +1. Observe that 7, =0, n3 = 1, u3 = 1 + p3. Hence p = —2(1 + u3) #0, §; =
1+ u% # 0 and o = 0. The corresponding linear problem (2.5), where A and B are given by (2.4),
depends on the parameter w,.
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One can also have the 1-forms (2.2) determined by the functions f;;, where

Z 23 271
fii=——, fuo=—"+22+—,
n2 n2 n2
fr=mn, S =2—-—mz,
Z 23 221
fr=m——, fo=——4+2+——mnz.
n2 Uy 2

Observe that up =0, uz =1, n3 =n2 # 0. Hence, p = =212 # 0, §; = n% #0 and o = 0.
The corresponding linear problem (2.5), where A and B are given by (2.4), depends on the
parameter 772. One can also have a linear problem depending on three parameters.

Example 3.5. Equation
2123 Z% 4 3m 3).2
Zz=Z4+ST+7?+(m—EZ )2 + 7—561 21

with m # 0, is an example of Type III. The corresponding 1-forms (2.2) are determined by the
functions f;; as follows

2
7274/ || —a
fil=——"7"7—,
(07
7 2ez73 (14611 26,3Z> 6¢B 2 <26az3 27° )
12 = - 2 — Z - 21,
ol \ Vel el Vo™ VIl
w2 (h/lal —a)
f21 =—+n,
o
7 2€ 42223 <l4eu2zl 26173z)Z 6€n3 Z2+< 2ekzd 2Zsu2>
2= - 27 - - 15
VIl Vel Jlal Vo V]
w3(h/lal —a)
fH1=—""7——+n;3,
o
7 26143223 <l4eu3z1 267722>Z 667}222 (26)/23 2zsu3)
32 = - 2 . - 1s
NIl Vel Vel V™! Vil

where a, a are given by (3.1), € = sgn(a), k = pop3n3 + (1 — u3)na, B = puan — pon3 and
W2, 3, 12 and n3 are such that the constants defined in (3.1) satisfy p # 0, §; # 0, o # 0 and
m = 81 /a. Hence the corresponding linear problem (2.5), where A and B are given by (2.4),
in general may depend on three parameters.

Example 3.6. Equation

=24—(0+223— 2122

is an example of Type I. The corresponding 1-forms (2.2) are determined by the functions f;;,
where
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M% —1 M% -1
fii=e——1z, J2=e——(3 —222),
23 2us3
14 12 13
1= 374+ us, S = 3 (23 — 220) — paza,
23 2

w3
2 Z 2 23 Z
f31=6\/u3—1(5+1>, f32=6\/u3—1[?—(1+§>m],

and € = 1. Observe that yy = 6\(/i3), n2 = w3 and n3 = 6,/;L3 — 1. Hence p =0 and 6, =0,
1

"3
where p and &, are defined in (3.1). In this case, the linear problem (2.5), where A and B are
given by (2.4), depends on the parameter 3, with |u3| > 1.

Example 3.7. Equation

1
Zt=Z4+ZS+ZZl+§Zz

is an example of Type IV. The corresponding 1-forms (2.2) are determined by the functions f;;,
where

2

z
fii=z, f12=Z3+?,

2
z
o1 =z +e€/1+ 3, f22=/£2<3 +Z3>s
2
2 Z 2
f31=p2 +ezy/ 1+ p3, f32=6<3+13)\/1+“2»

and € = £1. Observe that 1, = u3 = 61/1+//L% and 13 = uo. Hence p = a =0 and §, # 0,
where p, @ and §, are defined in (3.1). In this case, the linear problem (2.5), where A and B are
given by (2.4), depends on the parameter (7.

4. A characterization of differential equations which describe pseudospherical surfaces in
the class z; = z4 + G(z, 21, ..., 23)

In this section, by applying the basic Theorem 2.1, we start the analysis of the system of dif-
ferential equations (2.10)—(2.11) that characterizes the differential equations that describe pseu-
dospherical surfaces of the form (1.1). In Section 4.1, we analyze this system in the general case,
i.e., without any special assumption on the functions f;;. Then, by assuming fs1 = s f11 + 15,
s = 2,3, in Section 4.2, we present the noteworthy simplified system on which relies the rest
of the paper. From now on, we will denote the derivative of a function f(z, z1, ..., z,) with re-
spectto z; by f; = 32 i1, f.= 9/ Whenever a function depends only on z, we denote its
derivatives by f7, f”, etc.
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4.1. The general case

As a consequence of Theorem 2.1, the following theorem gives a characterization of the dif-
ferential equations which describe pseudospherical surfaces of the form (1.1).

Theorem 4.1. An evolution equation

=24+ G(z,21,22, 23),

describes pseudospherical surfaces if, and only if, the functions f;; have the form

fir=fi (), fiz = fi2(z, ... 23), (4.1)

where

fiz=zaf +¢12(z, 21, 22),
2 =23 fy +¢20(z, 21, 22), 4.2)
f2=2f31 + 322,21, 22),

the function G has the form

G=g1(z,21,22)23 + g2(z, 21, 22), 4.3)

and

g1= %[(fﬁ]fz/ﬁ + M+ )+ g 206 (0 — i) + s

+ f31922. ] 4.4)
g = %[(fz’lfm + farfi) ez — (fi1 31+ fii £31) 022 + (fi1 f21 — fi1 fay)é32

+ fl1(@12.221 + $12.2,22) + fo1 (B22.221 + P22, 22) + [ (B32,221 + P32,2,22)], (4.5)

A is given by (2.9) and ¢12, ¢22, P32 are differentiable functions which satisfy

$22.5, — 811 + 21 fay + Fufly — fufz =0, (4.6)
#3225 — &1 f31 213 + faufi — fifa; =0, 4.7)
F1g12 — fiigse — g2fo; + 22022, + 21622,. =0, (4.8)
1612 — fiign — &2f3) + 22032, +21¢32,; =0. (4.9)

Proof. In view of Theorem 2.1, an evolution equation of the form (1.1) describes pseudo-
spherical surfaces if, and only if, the functions f;; satisfy (2.8)—(2.10) and the differential
equations (2.11). Hence f;; have the form (4.1) and the condition F' = z4 + G entails that equa-
tions (2.11) are linear in z4 and reduce to
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(= fi1 + fiz.:3)za + fi2.23 + fiza 22 + fizzz + fafe — faf3 — Gff; =0,
(=1 + P2.23)za + .03+ foa22+ .21+ fiafsi — fit fi2 — Gfy =0,
(= fi1 + f32.23)24 + 2.3 + 22+ .21+ fiafa — fii fo — Gf3 =0.
(4.10)

Hence this system splits into 6 equations, among which the three simple ones, that are obtained
from the coefficients of z4,

—fli+ fiz,3 =0, —f31+ f22,2, =0, —f31+ f32., =0,
can be integrated in z3, using (4.1). Therefore, f12, f>2 and f3, are given by (4.2).

Substituting (4.2) into the system (4.10) and taking the derivative twice with respect to z3, one
gets

GZ313 fl/l =0, GZ3Z3 f2/1 =0, GZSZS f?:l =0,

where f{,, f;, and f;, cannot be all zero, due to condition (2.9). Hence G has the form given
by (4.3) and the system (4.10) can be written in the form

A1z3+ A2 =0,
Bizz+ B2 =0,
Cizz+Cr =0,

with coefficients

A1 =012, — 1 fli +afly+ fa ki — b
Bi=dn., — g1 +afy) + fifl— fitfis
Ci=¢3. — 8 fiy+afi+ fifli— finfas (4.11)

and

Ay = fag3 — fr192 — g2f11 + 220122, + 219122,
By = f31¢12 — fl11932 — &2 /21 + 220222, + 21622,z

Ca= fa1a — fuign — g2f3; + 220322, + 219322 (4.12)
not depending on z3. Therefore (4.10) is equivalent to six equations {A; =0, B; =0, C; =0,
j=12}.

By using these equations, one can readily get explicit formulas for the functions g; and g».
Indeed, in view of (2.9), the following two linear combinations

f1/1A1 +f2/1Bl +f3/1C1 =0

and
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A2+ f51B2+ f3C2=0
can be solved with respect to g1 and g». In fact, we get g1 and g, given by (4.4) and (4.5). It
follows that, modulo these two expressions for g; and g2, if f]; # 0 or f;, #0 or f5, #0, then
the system (4.10) reduces to the four equations B; = C; = 0, with i = 1, 2, which are precisely

equations (4.6)—(4.9). 0O

The analysis of equations (4.6)—(4.9) in general is quite complicated and in the following
subsection we will make an assumption which noteworthy simplifies the problem.

4.2. Assuming fs1 = ps f11 +ns, s =2,3

The following theorem gives a characterization of equations which describe pseudospherical
surfaces of the form (1.1), assuming that (1.3) holds, i.e.

fsl:MSfll+n35 s=2,3.

Theorem 4.2. An evolution equation of the form (1.1) describes pseudospherical surfaces with
the assumption (1.3) if, and only if, f;; satisfy (4.1) and (4.2), G satisfies (4.3) where

2 2 17" /
g1=—————5—5 (1 +u5+u3) 1121 +2u3n2. fi; + 12,2, + m2d22, 2, + 13¢32,7, |
flll(l +H%+M%) [( 2 3) 11 11 22 22 zz]
(4.13)
1
g =———5—5|Quaus fi1 + u3nz + u2m3)e12 + ¢12,:21 + 12,7, 22
f{1(1+M§+u§)[ ) N
— (13 + 213 f11) 922 + 12 (22,221 + $22.2,22) + m2d32 + w3 (P32.221 + 32,2, 22)
4.14)
and
¢ = (u3a — n3a) fi 22 + wad12 + V22,
$32 = (n2a — ma) fi 122 + wadi + ¥, (4.15)

where a, a are given by (3.1) and ¢12 = $12(z, 21, 22), Y22 = ¥22(2, 21), V32 = ¥32(2, 21) are
functions which satisfy

—pp12 + {pzi £ + [((1 4 13)m2 — mapsns)efin — uadi] £
+ (1 +13) ¥z, — mams¥.s, Yoo + 2 Qua fi1 + m3) ¥ — popazi s,
+ 21 (14 13) V2. — [momo + (1 + 13 + 13) fu1 Y32 =0, (4.16)

and
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{=mozi fi + (14 13)¥sz.z1 + [(ams — apz)afin — usdi ] fi; — namsvo.z, }22
+ [(1+ 13)¥s2.. — mapsva.: Jon + (—ofin + wan3) s — uana¥rs + nagiz =0.
(4.17)

Proof. The assumption (1.3) and the nondegeneracy condition (2.9) entail that f{, # 0. Then,
using (4.4) and (4.5) one gets (4.13) and (4.14). Now equations (4.6)—(4.7) can be integrated with
respect to zp. In fact, these equations are respectively

$22,2, = (U3a — m30) fi] + 12¢12,2,. $32,2, = (2a — ma) fi + U312z,

Hence we obtain (4.15). Now, substituting (4.15), together with fs1 = us f11 + 15, into (4.8)
and (4.9), one can see that these equations reduce to (4.16) and (4.17), respectively. O

Equations (4.16)—(4.17) can be completely solved by analyzing all possible cases occurring
when p =0 and p # 0. The diagrams of Figs. 3.1 and 3.2 give a summary of the analysis that
will be given in Sections 5 and 6.

5. Case p#0

This section is devoted to the characterization of equations that describe pseudospherical sur-
faces of the form (1.1), whose associated 1-forms w; = fj1dx + fiadt, 1 <i <3, are such that
fij satisfy (1.3) and p # 0. The analysis of this case naturally splits into three further cases. In
Section 5.1, we consider the first case {p # 0, §; = 0}, whereas in Section 5.2 we treat the other
two cases, which are {p # 0,81 # 0, =0} and {p # 0, 81 # 0, o # 0}, respectively. We start
with some preliminaries.

Lemma 5.1. Under the assumptions of Theorem 4.2, if p # 0, then (4.16) is equivalent to

1
$12(z,21,22) = ;{pmf{ﬁ + [((1+ 13)m2 — mapans)efin — wadi] f1

+ (L4 p3) ¥,z — Hama¥snz, J22 + w2 Qua fit + 03) ¥
— [mama + (1+ 13+ 13) fur]¥rs2 + 21 (1 + p3)voa.:
— pap3z1¥a,; =0, (5.1)

and (4.17) is equivalent to the following two equations

(—pm2a + ma) ¥ + (u3a — n3a)3r =81 f1,z1L + ro, (5.2)
n3Y2 —my3 = —ZlaZ((Slf{flL i rO), (5.3)

where ro = ro(2) is an arbitrary function, a? +a? #0and
L=afi1+a 54

is nonzero on a nonempty open set.
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Proof. If p 0, then (4.16) is clearly equivalent to (5.1). Then, equation (4.17) simply reduces
to

C2122+ C20 =0,

where

Ca1 := (—paa + ma)ym z, + (u3a — m3a) Y32, — 81 1) (afi1 +a),
Ca0 = z1[(—p2a + ma) ¥ ; + (u3a — ma)yan ;| + (@fin +a) (392 — ms),

do not depend on z;. Hence, C> = 0 is equivalent to C21 = Co9 =0, i.e., to the system

(—m2a + ma) ¥ -, + (u3a — m3e) Y30z, — 81 f{, L =0,

(5.5)
21[(—p2a + ma) ¥ - + (3a — m3a) ¥z | + (13922 — )L =0,

where L, given by (5.4), is nonzero on a nonempty open set. In fact, since f{, # 0, L = 0 entails
o = a = 0 which is not compatible with p # 0.

Due to (4.1), these two equations can be easily integrated in z1. In fact, from the first equation
of (5.5) we get (5.2) and substituting into the second equation of (5.5), one gets

(M3¥22 — m¥a2) L = —819:(f{;21L +ro)z1. (5.6)
Hence, (5.6) can be rewritten as (5.3). O

Now, equations (5.2) and (5.3) form a linear system for vrp3, ¥3p whose determinant is equal
to &1. For the analysis of this system, it is useful to use the following

Lemma 5.2. Let p, «, a and §1 be the constants defined by (3.1). If p # 0 and §1 =0, then
u3za —nzo # 0 and m2 # 0.

Proof. Assume 1y = 0. Since §; = na(u2a — nra) —n3(usza —n3a) = 0, it follows that n3(usza —
na) = 0. If n3 =0 then p = 0 which is a contradiction. Hence 13 # 0 and uza — n3a = 0.
Since a = —u3n3, we get o« = — ,u% and hence 1 + u% =0, which is a contradiction. Therefore,
we conclude that 1, # 0.

In order to prove that w3a — n3a # 0, assume otherwise that p3za — n3o = 0, then since 172 # 0
it follows from the fact that §; = 0 that uya — npae = 0. Observe that p # 0 implies that a # 0.
Therefore, the determinant of the linear system for o and a vanishes, i.e., uons — pu3ny = 0.
Since 81 = (uan3 — n3n2)? — 77% + 7’/% = 0 it follows that 3 = £, 7 0 and therefore ©u3 = u>.
This contradicts the fact thata #0. O

The complete and explicit description of the solutions ¥22, ¥3> of (5.2) and (5.3) are given in
Section 5.1 when {p # 0, 61 = 0} and Section 5.2 when {p # 0, §; # 0}.
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5.1. Case {p #0,5; =0}
Theorem 5.3. A differential equation of the form (1.1) describes pseudospherical surfaces, with

associated 1-forms w; = fi1dx + firdt satisfying (1.3), with {p # 0,81 = 0} (p and &1 are the
constants defined by (3.1)) if, and only if, the differential equation has the form

2h// h//
Zt=Z4+|: Zl+h+1/f ] +( +1/’Z‘Z‘)z2

% % % %
hw 2 / h// 230 “v,zz1 hl/f,zl W
toraet (W Sr e T Jaa s (R4 o
h
+ l/fh“ %+( Zf + 1//)11, (5.7)

where h(z) and v (z, z1) are arbitrary differentiable functions, such that h' # 0 on a nonempty
open set, and the functions f;; are given by

n2
f11=7<h—6\/77%—77§), S = pafi+mn2, f31= w3 fu+n3, (5.8)

v f] , ,
4+ +n2&)zz+nzﬁm + v, (5.9)
n2 Y Y

fa=flioa+ ( "

oy fii mam Y
fo=pafijz3+ [szf/la + ( = + V)ffl + %]Zz

L ambs +n2<”“2f” + 1)w, (5.10)
Y n2
(3 fi1 +n3) (Y + 20213
fr=u3fiz3+ |:N3f1//lzl +Z ! fli+ =y |
n2 P2
3y + 20D s,
+ 2 “21+ (U3 fir + M), (5.11)

o2

where noy # 0 and

a3 + €5 —n3 P
M3 = ) Y = €124/ N5 — N3 — 13, €:==1. (5.12)

n2

Proof. Since p # 0 and §; =0, Lemma 5.2 entails that n; # 0 and w3a — n3a # 0. Hence (5.2)
can be solved in the form

Vs = ro + (u2a — nza)lﬂzz’ 5.13)

m3a —n3a

whereas (5.3) gives

r 21 n3
Y3 = 2 + — Yy, (5.14)
n m
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where L = «f11 + a. Since §;1 = 0, comparing (5.13) and (5.14), one gets

ol ro

mL  puza—n3a’

It follows that ro = 0, and
3
Vi = 2y, (5.15)
m

Now, since §; = 0, one can consider the following identities

(p2a —ma) _n3

. (5.16)
Mm3a — n3a n2

Y (3B +n2) = pn2,

where B = p3ny — n3ua. Substituting (5.14) and (5.15) into (5.1), (5.13), (4.2), (4.15) and
(4.13)—(4.14), one gets that the general form of an equation which describes pseudospherical
surfaces is

Y2, ¥, “
=+ | —Hu+ Z‘+ + } +< + Z‘“) + 2
T [fn v fll d& I v f11lez
+[(Vf11 +ﬁ>_+m+2¢22;zz1}1z2+[<m+ﬁ> 1/’22,/z1 +I//2—2;Z:|Z2
n2 f11 n2 f11 n2 )’f” Vf11
+1ﬂ22zz %+[1ﬂ22 +(m+ﬁ>¢227} 5.17)
fll n2 n2 Vf[]

Notice that y ## 0, since otherwise (5.16) would imply p = 0. Moreover, §; = 0 implies that
w3 and y are given by (5.12). Then, defining new functions # = yf U 4+ Band ¢ = ]/’222 , formula

(5.17) reduces to (5.7) and the functions f;; are given by (5.8)— (5 11). Now, the functions f;;
satisfy the generic condition (2.8). In fact, the coefficient of z3 in fi1 foo — fi2.f21 1S —12 fl’ I
which is nonzero since 172 # 0 and f{, # 0.

The converse of Theorem 5.3 is a straightforward computation. O

Observe that equation (5.7) coincides with (3.2) and it is called of Type I in our main classi-
fication result, Theorem 3.1. It follows from Theorem 5.3 that by choosing 4(z) and ¥ (z, z1) to
be arbitrary differentiable functions, independent of any parameter, such that 4’ is nonzero, the
differential equation (5.7) is the integrability condition of a linear problem (2.5), determined by
functions f;; which are given in (5.8)—(5.11) in terms of /, v and the parameters (2, 112, 3.

An example of such an equation is given by Example 3.2, which is obtained by choosing
in Theorem 5.3 h = —%z, Y= —%zzl 313, and wy #0, € = %1, uz =€, n3 = 0. See also
Example 3.3, Examples 7.1 and 7.2.

5.2. Case {p #0,8; #0}

This section is devoted to the complete description of the differential equations that describe
pseudospherical surfaces of the form (1.1), with associated 1-forms w; = f;1dx + fi2dt, satisfy-
ing (1.3) and the conditions p # 0, §; # 0. One has the following preliminary lemma.
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Lemma 5.4. If p # 0 and §1 # 0, then (5.2)—(5.3) are equivalent to

Y2 =2 (napam — n3 — n3p )[ + i) }
] ? afii+a
(map3m — 3 = n3up)r’ ,
+ — (afi1 +a)na fig (21 — 2, (5.18)
afii+a

Y32 = 21 (—pomans — n2 + map )[ + (f”)2}
1 3 o +a
(—pap3nz — n2 + maud)r’
+Zl{ S —afu+almfi {21 — mr, (5.19)
afii+a

where r = r(z) is an arbitrary differentiable function.

Proof. Since §; # 0, (5.2) and (5.3) give a nondegenerate linear system with respect to ¥22, ¥/3>.
Hence, one obtains (5.18) and (5.19) by solving these equations with respect to Y20, ¥32. O

In the remaining of this section, it will be convenient to distinguish between the special case
when « = 0 given in Theorem 5.5 and the generic case o # 0 given in Theorem 5.6.

Theorem 5.5. A differential equation of the form (1.1) describes pseudospherical surfaces, with

associated 1-forms w; = fi1dx + fixdt satisfying (1.3) and {p # 0,81 #0,a =0} (p, 81 and o
are the constants defined by (3.1)) if, and only if, the differential equation has the form

4h// r/ 3h// 6h/// 3r//
Z;=Z4+|: 21+ i|Z3+ zz+< +—z1—2h>12

n n n h’ n
h h(4) 4 P ;
(2]1? +h> (2hh/ )Z] +711 —i—Wzl, (5.20)

where h(z) and r(z) are arbitrary differentiable functions, such that ' # 0 on a nonempty open
set, and the functions f;; are given by

2_ .2
fll—a 5 , far =2 fi1 +m2, HBr=ey1+p;5 fir+n3,  (5.21)

f12=f1/1Z3+|:3f1 . (m +au2) fi, N } P |:V (auz—i-nz)f,/]zz

1121+ —2 11
e,/l—f—uz €/ 1+ u3

M}Zl _f11r9 (522)

ea/1+ u3

fo=pafl1z3+ |:3f1”1H2Z1 -

- |:af11f1/1 +

:|Zz - [(szn +m)afi, + ﬁ]

le’ "
+|: P _773f11i|21+l/«2f1121 rua f11 — nar, (5.23)
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/
f=¢€ 1+M%f1/113+|:6\/1+:“v2<3f111+ ) f11772:|Z2+6 L+ u3 fii

7 2
' er’ /14 u3;
— |:(eaf11\/ 1 +u%+an3)f1’1 + p 1|Z1 + (T - mfi Z%
—erfiry/ 1+ 3 —mar, (5.24)

where € = £1 and

a:=pom —enzy/ 1+ u3 #0. (5.25)

Proof. By hypothesis o = 0, hence it follows from (3.1) that p = 2u3a # 0, u% =1+ u%,

ie, u3=¢€,/1+ ,u%, where € = %1 and hence a is given by (5.25). Taking into account (5.1),
(5.18) and (5.19), equations (4.2), (4.15) and (4.13)—(4.14) lead to the functions f;; given by
(5.21)—(5.24) and to the following general form for the differential equations that describe pseu-
dospherical surfaces

4f” r' } 3fn 2 ( 1//1/ 2 r’
z =Z4+[ 3 + + —20f11—b>zz
’ M af AT

b\ r’ it 2 1(?) 4, " 5
|:<2f11+ )f——ri| 1—|:(2af11+b)—, +afl/li|21+ 7 + 21
11

11 11 ajy

(5.26)

where b = n% — n%. Then by defining the function & = afi; + b/2, we have that (5.21) holds.
Now (5.20) follows by substituting f1; given by (5.21) into (5.26).

Finally, we have to verify that the functions f;; satisfy the generic condition (2.8). If 7, # 0,
then the coefficient of z3 in f11 foo — f12f21 is nonzero on an open set. If 7, = 0 then, the
coefficient of z, reduces to (1 + ,u%) f11 fl’ | Which is nonzero on an open set. Therefore, (2.8) is
satisfied.

The converse of Theorem 5.5 is a straightforward computation. O

Observe that equation (5.20) coincides with (3.3) and it is called of Type II in our main clas-
sification result, Theorem 3.1. In view of Theorem 5.5 one can see that, when /(z) and r(z) are
arbitrary differentiable functions independent of any parameter such that 2’ # 0, then (5.20) is a
differential equation that describes pseudospherical surfaces which is the integrability condition
of a linear problem that depends on the three parameters (2, 72 and 3.

An example of such an equation is given by Example 3.4, which is obtained by choosing in
Theorem 5.5 h=—z,r=0,e =1, n3 =n2 #0, ur = 0. See also Example 7.3.

Our next theorem considers the generic case where p # 0, §1 # 0 and o # 0. As a consequence
of this fact the corresponding evolution equations are more complicated.

Theorem 5.6. A differential equation of the form (1.1) describes pseudospherical surfaces, with
associated 1-forms w; = fi1dx + fi2dt satisfying (1.3) and {p # 0,81 #0,a #0} (p, 61 and o
are the constants defined by (3.1)) if, and only if, the differential equation has the form
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R 4n” n 2h' n 4 n 3n" n 2h'
= W ) T e [P\ T

6h'" 104" n 2 Y Y
+{[ Tt —5(5) }z%+3(—h2+hh )zl—ehz—i-m}

N IS 2" Z(h//)2 SR 5 1% 3 .
v h A n) |4
- n o VY B n oW
+ <—W+F>K/+W—h—2:|2?+|:—€h2<h/ +2— ) <W+;>i|z%
I A A
+ —e(hzm +£) +m hh’]zl’ (5.27)

where € = =1, m € R\ {0}, h(z) and £(z) are arbitrary differentiable functions, such that h’ does
not vanish on a nonempty open set, and the functions f;; are given by

Vo]
fll_Th—a, Sf21 =2 fi1 +n2, f31 = w3 fi1 +ns, (5.28)
/ / h/ 2 Z/
flz—i ﬂ[(%" ¢ > +——,3h}
o h
Sl (., KWr () 4/_|oz| L, BHE R N,
Sl (e AR T T Ty )
Z/
+—‘|“|[<—eh2+ Y |a|h)h’ p— }zl - —”meh+—z (5.29)
o o h lo]
/ / (h/)z z/
fo=pur—— [(3M2h” +2us ) mh' + pao |22
/|a| h/h// (l’l )3
+ Y poh™ + 20 PR z
/|a| ” (h/)Z Z/h/ Z// )
B ALl W A =
o \B +13 h R
/ </ 7 W L
VAN e S AL UE A C T (5.30)
o o h o
/ / h/)z g/
f=u3—— [(3 h”+2u3( 5 >Z1 —nzh’+pt3z]z2
/— h/// h h// (/’l )3
— — 3= )4
Ve (h )2 on 4 2
VAL
A </ l
__V[< |yh>h’+%:|zl—e |“|u3zh+ﬁ, (5.31)
o
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where a and y are the constants defined by (3.1),

K= popanz + (1 — u3)m (5.32)
and wa, 3, M2, 3 are such that € = sgn(a) and §1/y = m.

Proof. The results are obtained by taking into account (5.1), (5.18), (5.19) and substituting into
(4.2), (4.15) and (4.13)—(4.14). Considering « such that sgn(«) = €, we define the function h =
W and ¢ = er(u). Then we obtain (5.27) in terms of /& and £ and the functions f;; given
by (5.28)—(5.31).

Now, we have to verify that the functions f;; satisfy the generic condition (2.8). If 1, # 0,
then the coefficient of z3 in f11 f20 — f12 f21 is nonzero. If 7, = 0 then, since p # 0, we have that
n3 # 0, and the coefficient of z, reduces to —@ng(l + ,u%) f11h" which is nonzero on an open
set. Therefore, the generic condition (2.8) is satisfied.

The converse of Theorem 5.6 is a straightforward computation. 0O

Observe that equation (5.27) coincides with (3.4) and it is called of Type III in our main
classification result, Theorem 3.1. It follows from Theorem 5.6 that by choosing a constant
m # 0, € = £1 and arbitrary differentiable functions 4 (z) and £(z), independent of the parame-
ters g, ng, s = 2, 3, such that 4’ does not vanish on an open set, the differential equation (5.27)
is the integrability condition of a linear problem (2.5) determined by the functions f;;, which
are given by (5.28)—(5.31) in terms of A, £ and 3 parameters, since §;/y = m. An example of
such an equation is given by Example 3.5, which is obtained by choosing & =z and £ =0 in
Theorem 5.6.

6. Case p=0

This section is devoted to the complete description of equations that describe pseudospheri-
cal surfaces of the form (1.1), with f;; satisfying (1.3), when p = 0. In the previous section we
treated the generic case p # 0, by explicitly solving two equations B, = C2 = 0. In spite of some
natural differences, the analysis here will be parallel to that of the previous section. We start
with a preliminary discussion considering p = 0. In this case, one cannot solve (4.16) with re-
spect to ¢12, as in Lemma 5.1. However, the following lemma shows that when p =0, (4.16) is
equivalent to a system of two equations.

Lemma 6.1. Under the assumptions of Theorem 4.2, if p =0, then (4.16) is equivalent to the
system

(14 1) V22,2, — mams¥rinz, — af{i[mfit + m3ua] (=13 + 13ul — 1 — pd —2p2) =0,

a[(1+ u3)¥2.: — nausiran.|

n2u2 2 2
+ f11+—] 232 — (14 5 + p3)sz | =0. 6.1)
[ e |l (1418 + )]
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Proof. After rewriting p =0 as

214312
n3 =

— _fHemsie (6.2)
L+ 13 + 43

(4.16) reduces to

B122 + By =0,

where

Boi = (14 p3) V2.0 — mams¥ine — affy[mfir + mypa (=3 + mip3 — 1 — u3 — 2443),
By =271 [(1 + M%)WZZ,Z - M2M31ﬂ32,z]

Mmu2

+[f11+—
L+ us+u3

][Zuzml/fzz — (1+ 13 + p13) v

do not depend on z>. Hence, B, = 0 is equivalent to the system of equations Bz; = Byg =0,
given by (6.1). O

In view of (4.1), the system (6.1) can be readily integrated leading to a linear algebraic system
for the functions v»; and ¥3> whose determinant is §, as given in (3.1). Then, similarly to the
previous section, one can distinguish two main cases: > = 0 and &, # 0. These two cases will be
treated in Sections 6.1 and 6.2, respectively.

6.1. Case {p =0, 8, =0}
Theorem 6.2. A differential equation of the form (1.1) describes pseudospherical surfaces, with

associated 1-forms w; = fi1dx + fi2dt satisfying (1.3) and {p = 0,82 = 0} (p and & are the
constants defined by (3.1)), if, and only if, the differential equation has the form

2h" n
Zz:Z4+< Z1+I’l—|—W'ZI>Z3+<_+vaIZI)Z%

h h h' n
h" 2 4 hh" zwzzl 1!le vz
+ 721+(h tor )Zl+h W T[22
¥, v,
+ hfzz%+ h=s + 0 |2, (6.3)

where h(z) and (z, z1) are arbitrary differentiable functions such that h' # 0 on a nonempty
open set and the functions f;; are given by

2
eyms—1 m e(1+ud)
R - N Yt 2
2u3 M3 /M%_l

fii= Si1+m,



D. Catalano Ferraioli, K. Tenenblat / J. Differential Equations 257 (2014) 3165-3199 3189

en
f31=/L3f11+H—n3\/M§—1, (6.4)

’ ” E\/Mg_l 2eps ’ € Mg_l
Ju=fma+|\Mha—-—F—Va—-—/fufi |Jo——F—V.a+ fuy,
2u3 fu2 -1 2us3
3
(6.5)
(1+p3) (1+13) (1+13)
= 6273f111ﬂ +my + 8273f{1z3 - 273%%1
/M3 -1 /,u3 -1 "3
(1+413) (1+413) 2emapi3 (1+413)
+ {673 1121 — 2731&1 i +2,U«327if11 fi (22,
,/;L%—l M3 ,/p,%—l H3—
(6.6)
emy/u3 —1 , Vi3 —1
f=usmy + Tl/f +u3 fl1z3 — ETI/I,ZZI
2
Mn3 -1 28;1,2
+ [M3f{’111 e A (2772 + 2—3f11)f{1]zz, (6.7)
puy—1
with e = %1, |u3| > 1, and na # 0.
Proof. By hypothesis, p =0 and §, = 0, hence these conditions can be rewritten as
22032 (14 u3)?

hence in particular one has |u3| > 1 and puy # 0. Then, by integrating the first equation of (6.1),
one has

_ Map3ys r

Y ,
1+ p3 1+ 3

(6.9)

with r(z) an arbitrary differentiable function. Substituting into the second equation of (6.1), one
gets

v 4 2panarfu 2u3panar o
(I+ud)  A+pdd+us+ud)

(6.10)

However, since both r and f1; do not depend on z1, and f1; cannot be constant, (6.10) entails
that

r =rg = const., roma s = 0.
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But, since neither uy nor p3 can be zero, the last condition implies that ro = 0. Hence, when
82 =0, Yrpp given by (6.9) and r = 0 solve equation (6.1). So, one has to solve only equa-
tion (4.17), which now takes the form:

Ca1¢12 + C20 =0, (6.11)
where
2
Co = =
1+ 3
<4n2M2M3f11f{1 2m f121 1/f32,zl) N V3., . 2uams fr1v3e
= — 1 — )
(1+p3)? L+uy 14143 L+ 43 (1+pu3)?

and p; satisfies (6.8). In fact these expressions are obtained by substituting equations (4.13),
(4.14), (4.15), (6.8), (6.9) with r =0, and f1 = us f11 + ns into the third equation of (4.12).
Moreover, one uses also the fact that, modulo §; = 0, one has the following two identities:

A+m+py) 1 pi—1-p3 1
A+ud—udHU+pud 20 1+ud+ud 4l

Notice that it follows from (6.8) that 1 + u3 — u3 = 4u3/(u3 — 1) #0, since |u3| > 1.

We claim that 1y # 0. In fact, otherwise, if np = 0, since V32 = ¥32(z, z1) and f11 = f11(2),
then Cyp = 0 is equivalent to ¥r3» = 0. Then, (6.9) and r = 0 imply that Y, = 0. Moreover,
(6.8) and 172 = 0 imply that n3 = 0 and hence a = 0. Then (4.15) implies that ¢»> = ur¢12 and
from (4.2) we have that

2 =z3/217 + 1n2d12, fo=w3fi| +o12.

Since f>1 = w2 f11, we conclude that condition (2.8) would not be satisfied. Therefore, 1y # 0.
It follows from (6.8) that

14 2 )
8( “) ng:ﬂ ,u%—l, &==+l1.

M2 = TS
/,U«3_1 w3

Then, solving (6.11) with respect to ¢2, one gets

2eu3 1 1 eus fr1va
b= |:Zlf1//1 i fufiy - 3 1/f32,z1]12 — 5zt — (6.12)
JHi—1 12 7 my/u3—1

Then, the differential equation and the functions f;; follow by substituting the above results
into (4.2), (4.3), (4.15) and (4.13)—(4.14). The equation is given by
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<1
f1/1 M3

28 2 " 1"
U3 mafu Ut _772>23+(_1/’32,1111+A>Z§

n3—1 2mfiy A

=24+ <
2772f1/]

i mfiy /3 —1 n3—1 fi 13 fiy

+( eps S +L) Va2 s ]12

" 14 "
32, 2eu3 2epn3 S f, 2 f
_|_[ 11Z%+<_W 221 M fl - M 1 "2 Jn 21

m /Mg -1 213 fl/] 2772f1/1
e 1 €
_ 21ﬂ32,fz/z 24 [( mafu 2_) 1/’;/2,2 L ey }1' 6.13)
2Jn myui—1 T gy Jud—1
Introducing the function & = _2emafu _ mogng U= €133 gne reduces (6.13) to (6.3) and

Jui-1 B3 My 131
the functions f;; are given by (6.4)—(6.7).
Now, we have to verify that the functions f;; satisfy the generic condition (2.8). Since 7, # 0,
it follows that the coefficient of z3 in f11 f2> — f12 f21 is nonzero and hence the generic condition
(2.8) is satisfied.

The proof of the converse is a straightforward computation. O

In view of Theorem 6.2 one can see that, when /(z) and ¥ (z, z1) are chosen as functions
independent of any parameter then equation (6.3) is independent of the parameters, while the
corresponding linear problem depends on w3 and 7. An example of such an equation is given
by Example 3.6, which is obtained by choosing 7 = —z, ¥ = 0 and 1, = 3, in Theorem 6.2.

We observe that equation (6.3) coincides with (5.7), which we call equation of Type I. How-
ever, the corresponding linear problems generated by the functions f;; given in Theorems 5.3
and 6.2 may be distinct.

6.2. Case {p =0, 8, #0}
We start with the following

Lemma 6.3. If p = 0 and 5 # 0, then the system (6.1) is equivalent to

" /7 \2
(fip) 2
Yo = —pamaps (1 + u3 — i [ 4 z3
( ) L+u3+u3 (4 p3+u3) i+ nu
papsr’ 2 2( wam ) ,
—m(l+uw—m)\ fuul+ ———— | fi1 |z +r
[(1+M§+M§)fn+nzuz (1412 =m3) V43 +ul) !

(6.14)

and

" Y

(f]]) 2

Y3 = —mo (14 13 1+M2—M2|: 2 + ¢
( 3)( 2 H3) L+ud+ud A+ @3 +udfu+mue
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[ (1+upr’
(L+ 3+ 13) fir + mopo
2papan (14 p3 — ul) M2
- 2 22 3 i+ ————|fi|a
I+ p5 +p3 L+ p5 + p3

2243
2, 20
I+ p5 +p3

(6.15)

where r = r(z) is a differentiable function.

Proof. Observe that the integration of (6.1) leads to a linear algebraic system for the functions
Yoo and 133, whose solutions can be written as in (6.14) and (6.15). O

In the remainder of this section, we will use the solutions (6.14)—(6.15) given by this lemma
in order to solve equation (4.17). Substituting (6.14)—(6.15) into (4.17), one gets an equation of
the form Cp1¢12 4+ C20 = 0, with C»1 and Co not depending on ¢15. In particular the coefficient
C»y reads

Cor = (1+ 13 + 1) [(1 + 13 + 13) fi1 + mapea] " mocr. (6.16)

Since f1; is not constant, we can restrict ourselves to the open set where (1 + ,u% + /1%) fi1 +
napa # 0. We will consider the two cases: « = 0 and « # 0 in Theorems 6.4 and 6.5, respectively.

Theorem 6.4. A differential equation of the form (1.1) describes pseudospherical surfaces, with
associated 1-forms w; = firdx + fiodt satisfying (1.3) and {p =0,682 #0,a =0} (p,a and >
are the constants defined by (3.1)) if, and only if, the differential equation has the form

h" roh
=24+ <WZI + d’}’f +)L)Z3 + "5}’;1 2+ %m - H% (6.17)

where h(z), $(z,z1,22) are arbitrary differentiable functions, such that h’ # 0 on a nonempty
open set, rq is an arbitrary constant, such that rg + 22 £0, € = +1 and the functions f; j are

given by
fii=h, o1 = pah + €ry/ 14 13, a1 =ey/ 1+ udh+ pah,

fla=h'z3+¢,

fr2=u2('z3+ @) + €,/ 1+ u3ro,
=€y 1+ p3(h'z3 +¢) + paro. (6.18)

Proof. Since o =0 and p =0, it follows from (3.1) that u3 = 1 + 3 #0,a =0,

“2mn2

N =€—,
J1+ 1

SH=—4(1+u3)#£0, e==%l.
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Substituting these expressions together with (6.14) and (6.15), into equation (4.17) one gets

=0.

2(1 + 2y, 7 /
}"/Z2+ (r// ( l’Lz) f]l )Zz o nrzi

2(1 + u3) fir + pama ©3

Hence, r is a constant. By taking f11 = h(z), ¢12 = ¢ (2, 21, 22), ¥ = U3rog, U3 =€,/ 1+ y,% and
A= Lzz, one gets (6.17)—(6.18) by using (4.2), (4.15) and (4.13)—(4.14).
1+u3
Now, we have to verify that the functions f;; satisfy the generic condition (2.8). Observe

that fi1 2 — fiofor =€,/1 + ,u% [rofi1 — A(f{;23 + ¥)]. If A # 0, then the coefficient of z3
is nonzero and if A = 0 then we need ry # 0, in order to have the generic condition f11f22 —
fi2.f21 # 0 satisfied. Hence A2 + rg = 0 must hold.

The converse of the theorem follows from a straightforward computation. O

Observe that equation (6.17) coincides with (3.5) and it is called of Type IV in our main classi-
fication result, Theorem 3.1. It follows from Theorem 6.4, that by choosing & (z) and ¢ (z, 21, 22)
as arbitrary differentiable functions, independent of any parameter, such that 2’ does not vanish
on an open set, the differential equation (6.17) is the integrability condition of a linear prob-
lem (2.5), determined by the functions f;;, which depend on /4, ¢ and the parameter ;.

An example of such an equation is given by Example 3.7, which is obtained by choosing in
Theorem 6.4, h =z,r9g =0, ¢ = 12/2 and A = 1. See also Example 7.4.

The next theorem corresponds to the generic condition & 7% 0 and o # 0. As a consequence
of this fact, the form of the corresponding equations is more complicated.

Theorem 6.5. A differential equation of the form (1.1) describes pseudospherical surfaces, with

associated 1-forms w; = fi1dx + fipdt, satisfying (1.3) and {p = 0,62 #0,a #0} (p, o« and 5>
are the constants defined by (3.1)) if, and only if, the differential equation has the form

U L VO IR LA WP LTS (VA ) 7,
it =124 W 7 21 W 23 W n 2 W n h 21%2

3£/ K//
+ (_ﬁ + —)lez + (—6112 +m)z2

hh'
VIS 2Wm" (h//)Z Sh'R n 3 4
+ I W + h +2 Wi — 2 2(z> i|Z1
+ B h// + 2h/ E/ + g/// ZK// 3 + h2 h// 2h/ + h// + h/ 2
-t — —_— - eh"l—— —2— — 4+ —|m
AN w2 [ o h w )"
[ ht v
+ _—6(7 +£>+mWi|Zl, (6.19)

where h(z), £(2) are arbitrary differentiable functions, such that h’ # 0 on a nonempty open set,
€ ==x1, m # 0 is a real constant and the functions f;; are given by

1
Jui=—=(h—pav), fa1 = uah + 2, f31=wu3(h +2uzv), (6.20)
V]
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Y (h/)Z E/
fia= rZ3+r 3n" +2 ; zl+h+vu3( 31—y |z
W' (h "3
h/// 2
+¢|oz|( R )Zl

1 h/g/ K// (h/)Z
+ —W [—? + i + (M% —1-— ,LL%)U,UG (h// + T)}Z%

+ —|u3v(us; — 1 —u3)—+e(=h"+vuh/la|)h" |21 —
B =1 =)+ e V) =
+evual, (6.21)
/ 1 (h/)Z Y
f22=+f;2|a_|zz+ﬁ[<3uzh”+2m p ) +%—2vuzmh}
1 ” MZhlh” IJ/Z(h/)3 3
i e el
1 uah't/ yo oamauav(h? ol
— | -EE= 2 n =2
+m|: 2 H23Vv A h 7]
+ ! {—2“2'&3%,—e[maz—l—(l—I—,uz)vh‘/lal]h’}zl—ew—ev(lﬁ-uz)ﬁ
o] h ’ Vol v
(6.22)
ush’ L, o m3(h)? usl’ T,
o= \/—23+\/— 3ush” +2=—— a1 + — — (14 p3 + p3)vh’ |22
1 ” Wh’ (h')3
+\/?_| u3h™ +2p3 PR 3
1 W' ¢ 5 5 (h/)Z )
o) 20
1 (1+u3 4+ pude 2 , wsth
+ —€|ush” +vuoushy/lal |h rz) —e——
vlal{ h [ ] Vil
—evurusl. (6.23)
with
—— T sni=m sl =e (6.24)
1+ p3 + ul

Proof. One has only to solve equation (4.17) as already observed in the beginning of this section.
We first show that p = 01i.e., n3 =2uou3n2 /(1 + “2 + /,Lz) 872 # 0 and « # 0 imply that 1, # 0.
In fact, otherwise, if 7, = 0 then n3 = a = y = 0. Hence it follows from (6.14) and (6.15) that
equation (4.17) simply reads

r/f/
r'zo 4+ <r// — _f 1 >z% - flzlotr =0.
11
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Hence ' = r = 0. Therefore (6.14) implies that ¥y = 3o = 0. From (4.15) we have ¢y =

pa¢12 and from (4.2) we have that f12 = z3 f{} + $12, fo2 = 23.f3, + pna¢12. Since for = pa fi1
we conclude that (2.8) is not satisfied and we get a contradiction. Hence 1, # 0.

Now, by substituting (6.14)—(6.15) into (4.17), one gets an equation of the form Crj¢12 +
Co0 =0, where Cy1, given by (6.16), and Cog do not contain ¢,. Since « 7 0, one can solve this
equation with respect to ¢17. Introducing the functions

€(z) == —m2sgn(e)r(z),

h(z) = (fu+%)\/m

1+M%+,u§

one obtains

¢ _L 3h//+2(h/)2 . _|_|) ( 2_ 2_1)h/+s n(a)z_/ z
IZ—M h 1 M3 (Uy — U3 8 A 2

1 [, 20" ()7,
+¢_|a|[h T T e [

1 (h/)Z h/e/ g//
+ Tial |:vu3(u% — 3 - 1) <h” + T) — sgn(a) py + sgn(a); 23

1 vzl (u3 —pl —1
+ Jial { [d%vuzh - sgn(a)hz]h’ + sgn(a) 13 (Mzh 3= D }Z

h

— sgn(a)ﬁ(m — /sz), (6.25)

where v is given by (6.24) and sgn(«) = €. Considering m = 8,12, then (6.19)—(6.23) are
obtained by using formulas (4.2), (4.15) and (4.13)—(4.14), the expression of 73 and the rela-
tions (6.24). Observe that 1282 # 0 imply that m # 0.

Now, we have to verify that the functions f;; satisfy the generic condition (2.8). Since 1, # 0,
then the coefficient of z3 in fi| f>2 — fi2f>1 reduces to —nyh’/+/Ja| which is nonzero. The
converse of the theorem is a straightforward computation. O

It follows from Theorem 6.5 that by choosing /(z) and £(z), arbitrary differentiable functions
independent of the parameters fuy, 15, s = 2,3, such that 4’ does not vanish on a nonempty
open set, the differential equation (5.27) is the integrability condition of a linear problem (2.5)
determined by the functions f;;, which are given explicitly in terms of 4, £ and 2 parameters,
since p =0 and 8,02 = m.

Notice that (5.27) coincides with (6.19), which we call equation of Type III. However, the
corresponding linear problems generated by the functions f;; given by Theorems 5.6 and 6.5
may be distinct.

7. Proof of the main theorem and further examples

The proof of Theorem 3.1 follows from the results of Sections 5 and 6, which give the com-
plete and explicit classification of all differential equations of the form z; = z4 + G (z, z1, 22, 23),
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with associated 1-forms w; = fi1dx + fi2dt, where the functions f;; satisfy fy1 = us fi1 + ns,
for s =2, 3.

In what follows, we exhibit some further examples obtained from the classification results
given in the previous sections.

Example 7.1. Fourth-order member of the Burgers hierarchy

2 =24+ 4223 + 102120 + 62720 + 1211% + 4737

is another example of Type I, described by Theorem 5.3. Indeed it corresponds to the choice:

h=z, Vv =3zz1+2°.

Then, by choosing 1y = 3 =1 and n3 =0, one gets that f1; =z —n2, Y22 = 123221 +2%) and
using formulas (5.8)—(5.11) one explicitly determines the corresponding 1-forms

= (z — m)dx + [z3 + (42 — m2)z2 + 327 + (627 — 3maz)zy +2* — mp2’]dt,

wy = zdx + [23 + 4222 + 327 + 62°21 + 2 dt,

w3 =
This equation is the integrability condition of a lower triangular linear system given by (2.5).

Example 7.2. Example 3.3 is an equation of Type I with w; = w3. It follows from Theorem 5.3
(resp. Theorem 6.2) that any differential equation of Type I is the integrability condition of a
linear problem (2.5) that depends on 3 (resp. 2) parameters. However, one can also choose the
linear problem so that wy; = w3. In fact, considering 7, = 13 # 0 and p» = u3, we have §; =0,
and p = —ny # 0. Then it follows from Theorem 5.3, that such equations are of the form

n n
Zt:Z4+<WZ1+h+¢h/> +<W+¢;;ZI>Z%
"

h™ > v, o ¥,
+o et (h/ o hzzl )lez + < h/u + h_’z

V. V.
+e +( X +w>m, (7.1

with corresponding 1-forms

w1 = —hdx + fiadt,
wy = (—p2h +m2)dx + faodt,
w3 = (—p2h +n2)dx + frodt

with
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fio=—h'zs— (W"z1+hh' + ;)20 — ¥ .21 — Vh,
fo2 =—pah'z3 — [2h"z1 + (uah — )b + o o |22 — pa(Wh + ¥ 221) + may.
Example 7.3. Equation
2 =24 +23 — 2220 — 23 — 3221
is another example of Type II, described by Theorem 5.5. Indeed it corresponds to the choice
h=z, r=z, n=n2, u2 =0, w3 =1
Using formulas (5.22)—(5.24) one can also determine the corresponding 1-forms
z z 1 b4 2
w) =——dx + |:——3 + (1 — —>Z2 + <— + 1)21 + —]dt,
Uy n2 n2 n2 n2
wy =mdx + [z2+ (1 — m)z1 — mz]dt,

Z Z 1 Z 22
w3 = <n2 — —)dx + [——3 + <1 — —)zz + (— +1- nz)zl +—- nzz:|dt.
n2 n2 n2 n2 n2

Example 7.4. The following example is an equation of Type IV which we call a modified
Kuramoto—Sivashinsky equation

2 =24+ miz3 +mazo — 221 +moz?, (7.2)

m;, mgy € R, mg # 0. This equation is obtained from Theorem 6.4 by choosing

h=z,  ¢=(m+2mp)z2+ Bz —z%/2 +2mgBz,

where B = 4m% + 2mom1 + my and ro = —4mgB.
The corresponding 1-forms, obtained from the theorem, are

w] = zdx + [z3 + ¢]dt,

n = [az = 2moy/1 413 Jax + [ua(es + )+ roy/1 4153 Ja.
o= (=i [ s

Observe that the Kuramoto—Sivashinsky equation is given by (7.2) when mg = 0, but it does not
describe pseudospherical surfaces, since the one forms do not satisfy (2.8). However, it can be
looked as the limiting case of (7.2), when my — 0.

We conclude this section by observing that Example 7.1 is the fourth order member of the
Burgers hierarchy. One can show that any equation of this hierarchy describes pseudo-spherical
surfaces. In fact, using the approach suggested by Chern and Peng [11] one obtains the following
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Theorem 7.5. The equations of the Burgers hierarchy are given by
zz=R"(z1), n=1,2,..,
where R is the operator defined as
R=D,o(Dy+2) oD},

and R" denotes the n-th power of R. For each n, the equation describes pseudo-spherical sur-
faces and the one forms o are given by

1
o) =zdx + [_E(Dx +z)Cn:|dt,

wy :=ndx — Cpdt,
o = —ndx + Cydt, (1.3)

where
Cpn=-nD;' o R (z1).
The first equations of the Burgers hierarchy are given by

2 =22 +2zz1;
2 =23 + 3222 + 32} + 37%21;

2 =24 + 4223 + 1021220 + 62°22 + 12227 +42°7y;

We observe that the second order equation is equivalent to z; = z» 4 zz; modulo a scale trans-
formation z — 2z and it was proven to describe pseudo-spherical surfaces in [12] (the associated
1-forms are the same as in (7.3) modulo the scale transformation).

To the best of our knowledge, it is not yet known a general method to embed a given dif-
ferential equation that describes a pseudo-spherical surface into an entire hierarchy, if any.
An important reference in this aspect is the paper by Reyes [27]. In special cases, as in The-
orem 7.5, one may follow the approach given in [11].
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