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Abstract. We investigate a selective version of property (a) and prove
a number of results showing that, under certain set theoretical conditions, (a)
spaces and selectively (a) spaces behave in a very similar way, at least for separa-
ble spaces. Several results regarding the presence of the referred selective version
in spaces from almost disjoint families are established; in particular, we give a
combinatorial characterization of such presence. Consistent set theoretical hy-
potheses implying equivalence between being (a) and being selectively (a) within
the referred class are presented, as well as hypotheses implying non-equivalence.
We also show that the Continuum Hypothesis is independent of the statement as-
serting the above mentioned equivalence. The paper finishes by presenting some
notes and questions on the role of set theoretical assumptions in the subject.

1. Introduction

In what follows, ω = ℵ0 denotes the set of all natural numbers (and the
least infinite cardinal). [ω]ω and [ω]<ω denote, respectively, the family of
all infinite subsets of ω and the family of all finite subsets of ω. The first
uncountable cardinal is denoted by ω1 = ℵ1. For a given set X , |X| denotes
the cardinality of X . CH denotes the Continuum Hypothesis, which is the
statement “c = ℵ1”, where c is the cardinality of the continuum, i.e., c =
|R| = 2ℵ0 .

Throughout this paper, we work with a star covering property (Mat-
veev’s Property (a)) and with a selective version of it. The reader may
find background information on star covering properties in the papers [5]
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(a)-SPACES AND SELECTIVELY (a)-SPACES 421

and [11]; for selection principles and topology, we refer to the papers [14]
and [9].

For small uncountable cardinals like a, p and d, see [4].
Property (a) was introduced by Matveev in [10], and its selective version1

was introduced by Caserta, Di Maio and Kočinac in [3].

Definition 1.1 [10]. A topological space X satisfies property (a) (or is
said to be an (a)-space) if for every open cover U of X and for every dense
set D � X there is a set F � D which is closed and discrete in X and such
that St (F,U) =

⋃
{U ∈ U : U ∩ F �= ∅} = X .

Definition 1.2 [3]. A topological space X is said to be a selectively (a)-
space if for every sequence 〈Un : n < ω〉 of open covers and for every dense
set D � X there is a sequence 〈An : n < ω〉 of subsets of D which are closed
and discrete in X and such that

{
St (An,Un) : n < ω

}
covers X .

It is clear that (a) implies selectively (a). It is also easy to see that
several classes of spaces satisfy the selective version of property (a); for in-
stance, T1, σ-compact spaces are selectively (a). In this paper, we prove
a number of results showing that, under certain set theoretical hypothesis,
properties (a) and selectively (a) behave in a very similar way, at least for
separable spaces. This phenomenom is remarkable, since the importance of
property (a) in the literature was established by its relationships with no-
tions as countable compactness, normality and metrizability (see, e.g., [8]);
so, it is not surprising that its selective version carries some of these ties.
For instance, we will prove that, under CH, every Moore, separable, selec-
tively (a)-space is metrizable. This result is a strengthening of one due to
Matveev, obtained for (a)-spaces [10].

It is natural, given a class of topological spaces, to wonder under which
conditions these notions are equivalent – or not – when restricted to such
class. We consider such question for spaces constructed from almost disjoint
families.

A set A � [ω]ω is said to be an almost disjoint (or a. d.) family if for
distinct X , Y ∈ A one has |X ∩ Y | < ω. For every a. d. family A one may
consider the usual corresponding Ψ-space, Ψ(A), whose underlying set is
given by A ∪ ω. The points in ω are declared isolated and the basic neigh-
bourhoods of a point A ∈ A are given by the sets {A}∪ (A\F ) for F ∈ [ω]<ω.
Clearly, ω is a dense set of isolated points, A is a closed and discrete subset of
Ψ(A) and it is easy to check that Ψ(A) is a Hausdorff zero-dimensional (thus,
completely regular) first-countable locally compact separable space. More-
over, it is well-known that any Hausdorff, first countable, locally compact

1After the submission of this paper, the author learned that selective versions of star covering
properties, as well as other similar notions, are becoming to be known as star selection principles.
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separable space whose set of non-isolated points is non-empty and discrete
turns out to be homeomorphic to a Ψ-space (see [4], p. 154).

Let us describe the organization of this paper. In Section 2 we give a
combinatorial characterization of the a. d. families whose corresponding Ψ-
spaces satisfy the selective version of property (a). In Section 3 we prove
a general result regarding the cardinal functions density and extent of se-
lectively (a)-spaces; as a corollary, one gets that selectively (a) spaces from
a. d. families must have size less than c. In Section 4 we present a num-
ber of consistency results. In order to obtain some of these results, we give
an absolute, ZFC result relating selectively (a) Ψ-spaces to the small cardi-
nal d. In Section 5 we present some notes and questions, all of them of set
theoretical flavour.

2. Combinatorial characterization of selectively (a) Ψ-spaces

In [18], Szeptycki and Vaughan established the following combinatorial
characterization of property (a) for Ψ-spaces: given an almost disjoint fam-
ily A, the corresponding Ψ-space satisfies property (a) if and only if

(∀f : A → ω) (∃P � ω) (∀A ∈ A)[0 < |P ∩
(
A \ f(A)

) | < ω].

In the following proposition, we give a combinatorial characterization of
the selective version of property (a) for Ψ-spaces.

Proposition 2.1. Let A � [ω]ω be an a. d. family. The corresponding
space Ψ(A) is selectively (a) if and only if the following property holds: for
every sequence 〈fn : n < ω〉 of functions such that fn ∈ Aω for every n <
ω, there is a sequence 〈Pn : n < ω〉 of subsets of ω satisfying both of the
following clauses:

(i) (∀n < ω)(∀A ∈ A)
[
|Pn ∩A| < ω

]
,

(ii) (∀A ∈ A)(∃n < ω)[Pn ∩
(
A \ fn(A)

)
�= ∅].

Proof. Let A be an a. d. family and suppose Ψ(A) is selectively (a).
Let 〈fn : n < ω〉 be an arbitrary sequence of functions in Aω. For every
n < ω, consider the open cover Un given by

Un = {{A} ∪
(
A \ fn(A)

)
: A ∈ A} ∪

{
{i} : i < ω

}
.

Notice that, for every A ∈ A, {A} ∪
(
A \ fn(A)

)
is the only open set

in Un which contains A.
ω is dense and Ψ(A) is supposed to be selectively (a), and so there is a

sequence 〈Pn : n < ω〉 of closed discrete subsets of ω such that
{
St (Pn,Un) :

n < ω
}
cover X . Each Pn has no accumulation points, so clause (i) necessar-

ily holds (notice that if a set X ∈ [ω]ω has infinite intersection with A ∈ A,
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then the point A ∈ Ψ(A) is an accumulation point of the subset X � Ψ(A)).
Clause (ii) holds because every A ∈ A must belong to at least one element of
the cover

{
St (Pn,Un) : n < ω

}
, and if A ∈ St (Pm,Um) then the only open

set of Um that contains A must intersect Pm.
On the other hand, suppose A is an a. d. family such that the described

property on arbitrary sequences of functions from A into ω holds. We claim
that Ψ(A) is selectively (a). Indeed, let 〈Un : n < ω〉 be an arbitrary se-
quence of open covers of Ψ(A). For every fixed n < ω consider a refinement
Vn of Un such that Vn has only basic open sets and every point of A belongs
to only one open set of the refinement, say

Vn =
{
{A} ∪ (A \ kn,A)

}
∪

{
{j} : j < ω

}
.

Define now fn : A → ω by putting fn(A) = kn,A for every A ∈ A. By
hypothesis, we may consider a sequence 〈Pn : n < ω〉 of subsets of ω satis-
fying clauses (i) and (ii). From (i), every Pn has no accumulation points,
and from (ii) we have A �

⋃ {
St (Pn,Vn) : n < ω

}
. For every n < ω, let

An = Pn ∪ {n}. Then each one of the An’s is also a closed and discrete sub-
set of ω – and, as ω is a set of isolated points, each An is a closed discrete
subset of any dense set D � Ψ(A). Now we have

Ψ(A) =
⋃ {

St (An,Vn) : n < ω
}

�
⋃ {

St (An,Un) : n < ω
}

� Ψ(A)

and therefore
{
St (An,Un) : n < ω

}
covers Ψ(A). As the sequence of open

covers 〈Un : n < ω〉 was arbitrarily chosen, the proof finishes. �

3. On the extent of selectively (a) spaces

Recall that the extent of a topological space X , e(X), is the supremum
of the cardinalities of all closed discrete subsets of X , provided this is an in-
finite cardinal, or is ω = ℵ0 otherwise. The density of a topological space X ,
d(X), is the minimum of the cardinalities of all dense subsets of X , provided
this is an infinite cardinal, or is ω = ℵ0 otherwise.

Jones [7] proved in 1937 the classical and widely known result nowadays
referred to as “Jones’ Lemma”, which in its simplest case states that nor-
mal, separable spaces cannot include closed discrete subsets of size c. In [10],
Matveev has established an analogous result for (a)-spaces; we refer to such
result asMatveev’s (a)-Jones’ Lemma. Matveev’s result was established only
for the separable case, but it is straightforward to extend his result to the
general case (see [15]).

Matveev’s result witnesses that there are covering properties which, in a
similar way as normality does, constrain the extent of spaces satisfying them
– with such constraints stated in terms of their densities. The reader may
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find information on this kind of phenomena – classes of topological spaces,
defined by covering properties, on which extents are constrained in terms of
densities – in the papers [12] and [13].

The separable case of the following result was already remarked, without
a proof, in [3]. Here we present a proof for the general case, which may be
viewed as a selective version of Matveev’s result.

Theorem 3.1. If X is a selectively (a)-space, then X cannot include

closed and discrete subsets of size not smaller than 2d(X).

Proof. Let D be a dense subset of X of minimal size (i.e., |D| = d(X))
and suppose H is a closed discrete subset of X satisfying |H| � 2d(X). We
will show that, under these assumptions, X is not selectively (a).

As |H| > |D| we may assume that H and D are disjoint sets. (2d(X))
ℵ0 =

2d(X) � |H| and so we are allowed to use H to index the family of all se-
quences of closed discrete subsets of D; let {Gx : x ∈ H} be such a family
(with Gx = 〈Gx,n : n < ω〉 for every x ∈ H).

For every n < ω and x ∈ H let Ux,n be the open neighbourhood of x
given by Ux,n = X \ (

(
H \ {x}

)
∪Gx,n) and consider the open cover of X

given by

Un = {X \H} ∪ {Ux,n : x ∈ H}.
Notice that, for all x ∈ H , we have

(1) Ux,n ∩H = {x} and (2) Ux,n ∩Gx,n = ∅,
and it follows from (1) that for every x ∈ H the open set Ux,n is the only
element of Un which contains x. Moreover, if we consider the sequence of
open covers 〈Un : n < ω〉 then (2) gives us

(3) x �∈
⋃ {

St (Gx,n,Un)
}
.

It follows that such sequence witnesses that X is not selectively (a), for
if 〈An : n < ω〉 is an arbitrary sequence of closed discrete subsets of D we
only have to consider the point z ∈ H such that An = Gz,n for every n < ω,
and therefore z ∈ X \

⋃{
St (An,Un)

}
, by (3). As the sequence 〈An : n < ω〉

was arbitrarily chosen, the desired follows. �
Spaces from almost disjoint families are separable, so the following corol-

lary is immediate:

Corollary 3.2. If Ψ(A) is a selectively (a)-space, then |A| < c. �
We are able to give some consequences of the preceding theorem in the

realm of Moore spaces, which are classical objects of set theoretic topology
when it comes to metrizability. The reader may find in [5] the proof of the
following result. Recall that the weight of X , w(X), is the minimum of the
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cardinalities of all bases for the topology of X , provided this is an infinite
cardinal, or is ω = ℵ0 otherwise.

Lemma 3.3 (Lemma 2.2.6 from [5]). If X is a Moore space such that
w(X) does not have countable cofinality, then there is a closed discrete subset
D of X such that |D| = w(X). �

Now, we argue just like Matveev did for (a)-spaces in [10] and establish
the following:

Theorem 3.4. Under CH, separable, Moore, selectively (a)-spaces are
metrizable.

Proof. Let X be a separable, Moore, selectively (a)-space. Assuming
CH, the only possibilities for w(X) are w(X) = ℵ0 or w(X) = ℵ1 (because
Moore spaces are regular), but the second one is avoided combining the pre-
ceding lemma with Theorem 3.1, as cf (2ℵ0) > ℵ0 by König’s theorem. It
follows that X is a regular space with a countable base, and therefore it is
metrizable. �

We remark that there are in ZFC non-separable, Moore, (a) (thus, se-
lectively (a)) spaces which are not metrizable (see Proposition 3 of [8]).

4. Consistency results

It should be clear that, under CH, both properties under investigation
are equivalent for Ψ-spaces; in fact, assuming CH, a space Ψ(A) satisfies
any of the two properties if and only if A is countable. On the one hand,
Matveev’s (a)-Jones Lemma and its selective version (Theorem 3.1) imply,
under CH, countability of A in case of, respectively, Ψ(A) being (a) or se-
lectively (a). On the other hand, countable a. d. families always correspond
to metrizable Ψ-spaces, since a countable Ψ-space is a regular space with
a countable base. Metrizable spaces are paracompact and paracompactness
implies property (a) for T1 spaces (see [10]) – and so we are done.

In fact, the author proved in [16] – with similar arguments – that nor-
mality and countable paracompactness share the same behaviour, meaning
that, if one assumes CH and considers the four properties (normality, count-
able paracompactness, property (a) and its selective version), then a space
from almost disjoint families satisfies any of them if and only if it is count-
able. This also justifies our interest in selectively (a) spaces from almost
disjoint families, since this property is consistently equivalent in the referred
class to properties of undeniable importance.

As probably expected, we may use a form of Martin’s Axiom for estab-
lishing the consistency of the statement asserting the equivalence (between
(a) and selectively (a)) with the negation of CH. More specifically, we will
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use MAσ-centered. It is well-known that the equality p = mσ-centered holds,
i.e., p is the least cardinal for which Martin’s Axiom restricted to σ-centered
p.o.’s fails [1]. So, the consistent statement “ω1 < p = c” is, in fact, equiva-
lent to MAσ-centered + ¬CH.

Szeptycki and Vaughan [18] have considered a σ-centered p.o. to prove
within ZFC that if |A| < p then Ψ(A) has property (a). In the next propo-
sition we apply such result to show that CH is independent of the statement
asserting equivalence between (a) and selectively (a) for Ψ-spaces.

Proposition 4.1. If p = c, then a Ψ-space satisfies property (a) if and
only if satisfies its selective version.

Proof. Assume p = c and let Ψ(A) be a selectively (a)-space. By Corol-
lary 3.2, one has |A| < c. But then |A| < p, and the desired follows from the
mentioned result due to Szeptycki and Vaughan. �

As 2κ = c for every κ < p (in fact, even for every κ < t, see [4]2), it follows
that 2ℵ0 < 2ℵ1 is also independent of the statement asserting the equivalence
between our two notions for Ψ-spaces.

Let us turn to the consistency of the statement which asserts non-equi-
valence between the two notions for Ψ-spaces. Next we give a ZFC result
regarding a. d. families whose corresponding Ψ-spaces satisfy the selective
version of property (a). The proposition has two parts. In the first part,
we show that the small cardinal d behaves with respect to selectively (a)-
spaces from a. d. families in a similar way as p does for (a)-spaces in such
class. The part (ii) of the following proposition was already remarked in [3]
(without a proof), with the hypothesis of maximality implicitly assumed.
The arguments for both parts are straightforward variations of those due
to Bonanzinga and Matveev (Proposition 2 of [2]), originally made for a
selective property other than the selective version of property (a) (and which
we decided not to define in this paper).

Proposition 4.2. Let A � [ω]ω be an infinite a. d. family.
(i) If |A| < d, then Ψ(A) is selectively (a).
(ii) Suppose A is maximal. Then Ψ(A) is selectively (a) if and only if

|A| < d.

Proof. Before proving both parts of the proposition, we recall the fol-
lowing well-known fact (see Theorem 3.6 of [4]): d may be regarded as the
minimal cardinality of a dominating family of functions from ω into ω under
the pointwisely defined order3, meaning that d is the minimal κ such that

2This comment may become obsolete, given the recent announcement (in Arxiv) that Shelah
and Malliaris have finally proved p = t.

3The order used in the standard definition of d is the mod finite one.
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there is a family {fα : α < κ} � ωω such that for every f : ω → ω there is
α < κ such that f(n) � fα(n) for every n < ω.

For the first part, let A be an a. d. family of size |A| < d and let 〈Un :
n < ω〉 be an arbitrary sequence of open covers of X .

For every A ∈ A and n < ω, let UA,n be an open neighbourhood of A
which belongs to Un. Define a family of functions F = {fA : A ∈ A} � ωω
by putting

fA(n) = min(UA,n ∩ ω)

for every A ∈ A and n < ω.
As |F| � |A| < d, then F is not a dominating family in the pointwisely

defined order, meaning that there is f : ω → ω satisfying the following prop-
erty: for every A ∈ A there is m < ω such that fA(m) < f(m).

Define for every n < ω the finite set of natural numbers

An =
{
k < ω : 0 � k � f(n)

}
∪ {n}.

As Ψ(A) is a T1 space, finite sets are closed and discrete, and, as ω is a
set of isolated points, 〈An : n < ω〉 is a sequence of closed discrete subsets of
any fixed dense set D � Ψ(A). We claim that

{
St (An,Un) : n < ω

}
covers

Ψ(A). Indeed, if A ∈ A and m < ω satisfies fA(m) < f(m) then UA,m ∩Am

�= ∅ and therefore A ∈ St (Am,Um). The rest follows from n ∈ An for all
n < ω.

For the second part, we show that if a maximal a. d. family A has size
not smaller than d then Ψ(A) is not selectively (a). Let A be as in the
preceding phrase and consider A′ � A with |A′| = d. Let {fα : α < d} be a
dominating family in the pointwisely defined order and fix an enumeration
(i.e. a bijective indexation) A′ = {Aα : α < d}. For every n < ω, consider
the open cover Un given by

Un = {{Aα} ∪
(
Aα \ fα(n)

)
: α < d} ∪ {X \ A′}

and notice that for every n < ω and α < d the set {Aα} ∪
(
Aα \ fα(n)

)
is

the only element of Un containing Aα.
Now, let 〈Pn : n < ω〉 be an arbitrary sequence of closed discrete subsets

of the dense set ω; as A is supposed to be a MAD family, each one of the
Pn’s is, necessarily, a finite set. Define g : ω → ω by putting

g(n) = sup(Pn) + 1

for every n < ω. Fix ξ < d such that g(n) � fξ(n) for every n < ω. Then
Aξ �∈

⋃{
St (Pn,Un) : n < ω

}
. Indeed, by construction one has

(
Aξ \ fξ(n)

)

∩Pn = ∅ for every n < ω. As the sequence 〈Pn : n < ω〉 was arbitrarily cho-
sen, the sequence of open covers 〈Un : n < ω〉 and the dense set ω witness
that Ψ(A) is not selectively (a). �
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The strict inequality a < d is consistent (see Theorem 5.2 of [4]), and
Ψ-spaces from MAD families are known not to be (a)-spaces (apply, e.g.,
Corollary 2.3 of [15]). So, the following consistency result holds:

Corollary 4.3. It is consistent that there are selectively (a) spaces,
constructed from almost disjoint families, which are not (a)-spaces.

Indeed, one has just to consider an infinite MAD family of minimal size
in a model of a < d.

We give and end to this section by giving a scolium of the proof given
for the first part of Proposition 4.2.

Proposition 4.4. Let X be a T1 separable space with |X| < d and sup-
pose X has the following property:

(∗) Any dense subset of X has a countable, dense subset.
Under these assumptions, X is a selectively (a) space.

Proof. Let 〈Un : n < ω〉 be an arbitrary sequence of open covers of a T1

separable space X satisfying (∗), let Y be any dense subset of X and assume,
without loss of generality, ω � Y and ω dense in X . Consider Z = X \ ω
and for every z ∈ Z fix Uz,n ∈ Un with z ∈ Uz,n. Let F = {fz : z ∈ Z} � ωω
be defined by putting

fz(n) = min(Uz,n ∩ ω)

for every z ∈ Z and n < ω. The proof proceeds by mimicking the one given
for first part of Proposition 4.2 in such a way that a sequence 〈An : n < ω〉
of finite (thus, closed discrete) subsets of ω � Y satisfying

{
St (An,Un) :

n < ω
}
= X is obtained. Therefore X is selectively (a), as desired. �

There are several classes of T1 spaces satisfying the statement (∗) of the
preceding proposition, e.g.: spaces with a countable base, or even first count-
able separable spaces; hereditarily separable spaces; separable spaces with a
dense set of isolated points; and so on. It follows that it is consistent that
T1 spaces satisfying (∗) and with size less than c are all selectively (a).

5. Notes and questions

We already remarked, right after Proposition 4.1, that 2ℵ0 < 2ℵ1 is inde-
pendent of the statement which asserts equivalence between (a) and selective
(a) for Ψ-spaces; now we will show that the same happens in the other way
around, i.e., we show that such statement is independent of 2ℵ0 < 2ℵ1 .

Proposition 5.1. The following statement is consistent with ZFC +
2ℵ0 < 2ℵ1 : “There is a Ψ-space which is selectively (a) but does not satisfy
property (a)”.
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Proof. In view of our comments right before and after Corollary 4.3, it
is clear that the desired follows from the relative consistency of a < d with
2ℵ0 < 2ℵ1 . The standard way to give the consistency of a < d is to consider,
in a model M of CH, a cardinal κ > ℵ1 satisfying κℵ0 = κ and add κ many
Cohen reals; in the extension one has a = ℵ1 and d = c = κ. Applying such
construction in a model M of GCH for κ = ℵω1

, we get also 2ℵ0 < 2ℵ1 in
the extension – because if 2ℵ0 = 2ℵ1 holds in the extension then ℵ1 = ω1

= cf (ℵω1
) = cf (2ℵ1), but this contradicts König’s theorem. �

An open question related to 2ℵ0 < 2ℵ1 is the following (Question 3.1
of [15]): it is unknown whether 2ℵ0 < 2ℵ1 alone suffices to avoid the existence
of separable (a)-spaces with uncountable closed discrete subsets. In a more
general setting, we do not know if considering an (a)-space X and κ = d(X)

one necessarily has e(X) � d(X) under 2κ < 2κ
+

. We proposed such question
in [15] motived by natural comparisons between Jones’ Lemma for normal
spaces and Matveev’s (a)-Jones’ Lemma. Indeed, for normal spaces the set

theoretical assumption given by 2d(X) < 2d(X)+ alone implies e(X) � d(X)
– as a corollary of the proof of Jones’ Lemma, which is based on a direct
construction of an injective function from the power set of a closed discrete
subset of a normal space into the power set of a dense subset of the consid-
ered space.

We present the following proposition just to point out that 2ℵ0 < 2ℵ1 does
not avoid the existence of separable, selectively (a) spaces with uncountable
extent.

Proposition 5.2. The following statement is consistent with ZFC +
2ℵ0 < 2ℵ1 : “There is a separable, selectively (a)-space with an uncountable
closed discrete subset.”

Proof. By first part of Proposition 4.2, it is clear that it suffices to get a
model where both inequalities 2ℵ0 < 2ℵ1 and ℵ1 < d hold: in such a model,
any almost disjoint family of size ℵ1 will give us the desired consistency,
since Ψ-spaces are separable and an almost disjoint family is always a closed
discrete subset of its corresponding Ψ-space. But the desired inequalities are
already satisfied by the model of the preceding proposition. �

We point out that the relative consistency with respect to ZFC + 2ℵ0

< 2ℵ1 of “there is an uncountable a. d. family A such that Ψ(A) satisfies
property (a)” is – maybe surprisingly – related to large cardinals (because
there is a relationship between uncountable a. d. families whose correspond-
ing Ψ-space satisfies property (a) and the so-called small dominating families
in ω1ω, see [15], and the hypothesis of existence of such families – when com-
bined with the set theoretical assumptions “2ℵ0 < 2ℵ1” and “2ℵ0 is regular”
– is related to inner models with measurable cardinals, by results due to Jech
and Prikry [6]). It is not clear to the author whether uncountable selectively
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(a)-spaces are related to small dominating families; despite the statement of
the last proposition, notice that 2ℵ0 is not regular in the model exhibited for
the consistency of both preceding propositions.

Let us turn to other direction. While it is a ZFC result that Ψ(A) satis-
fies property (a) whenever |A| < p, the existence of an almost disjoint family
of size p such that Ψ(A) is an (a)-space is shown to be consistent in [18].
In view of Proposition 4.2 it is very natural to ask the following question.

Question 5.3. Is it consistent that there is an a. d. family A of size d

such that Ψ(A) is selectively (a)?

Of course, a consistent example for a positive answer to the preceding
question only can be given by a non-maximal a. d. family, again in view of
Proposition 4.2. We also remark that the analogous question for property
(a) was already posed (Question 4.3 of [16]) and it remains unanswered.

In fact, there are at least two more questions on Ψ-spaces – focusing if,
and how, the presence of property (a) in such class of spaces is related to
normality and countable paracompactness – which are still open for many
years. One of them is due to Szeptycki [17] and essentialy asks whether
normal spaces from almost disjoint families must have property (a)4. The
other one, due to the author, is the one obtained by replacing, in Szeptycki’s
question, normality with countable paracompactness [16].

Here we present the selective versions of such questions. Positive answers
to the following questions may lead us to positive answers to the referred,
long time open questions previously posed for property (a); and negative
answers for these questions give negative answers for those ones. In both
cases, it seems interesting to consider them.

Question 5.4. If Ψ(A) is normal, is it a selectively (a)-space?

Question 5.5. If Ψ(A) is countably paracompact, is it a selectively (a)-
space?

Every normal Ψ-space is countably paracompact (see [16]), so, consider-
ing the last two questions, a positive answer to the latter provides a positive
answer to the former.

To finish, notice that all consistency results of this paper were given in
terms of small cardinals. Is there a way to describe precisely the possibilities
of equivalence between our two properties, when restricted to Ψ-spaces, by
using such cardinals?

4 In fact, Szeptycki’s question goes as follows: given an a. d. family A such that the corre-
sponding Ψ-space is normal, is such a family necessarily soft (meaning that there is an infinite
P � ω such that 0 < |P ∩A| < ℵ0 for every A ∈ A)? This relates directly to property (a) because
an a. d. family A corresponds to a Ψ-space with property (a) if and only if every finite modifica-
tion of A is soft. It is worthwhile mentioning that the answer is “yes” in the case of |A| < d, by
Theorem 3 of [17].
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Problem 5.6. Find a statement ϕ, if any, enunciated in terms of small
cardinals, such that (a) and selectively (a) are equivalent properties for Ψ-
spaces if and only if ϕ holds.

We hope that the combinatorial characterization given in Proposition
2.1 will be useful on the discussion of the presented questions and problem.
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[9] Lj. D. R. Kočinac, Selected results on selection principles, in: Proceedings of the 3rd
Seminar on Geometry and Topology, Azarb. Univ. Tarbiat Moallem (Tabriz,
Iran, 2004), pp. 71–104.

[10] M. V. Matveev, Some questions on property (a), Questions and Answers in General
Topology, 15 (1997), 103–111.

[11] M. V. Matveev, A survey on star covering properties, Topology Atlas, Preprint 330
(1998).

[12] C. J. G. Morgan and S. G. da Silva, Covering properties which, under weak diamond
principles, constrain the extents of separable spaces, Acta Math. Hungar., 128
(2010), 358–368.

[13] C. J. G. Morgan and S. G. da Silva, Constraining extent by density: on general-
izations of normality and countable paracompactness, Bolet́ın de la Sociedad
Matemática Mexicana, 3a. Serie, 18 (2012), 43–54.

[14] M. Scheepers, Selection principles and covering properties in topology, Note di Matem-
atica, 22 (2003/04), 3–41.

[15] S. G. da Silva, Property (a) and dominating families, Comment. Math. Univ. Caroli-
nae, 46 (2005), 667–684.

Acta Mathematica Hungarica 142, 2014



432 S. G. DA SILVA: (a)-SPACES AND SELECTIVELY (a)-SPACES

[16] S. G. da Silva, On the presence of countable paracompactness, normality and property
(a) in spaces from almost disjoint families, Questions and Answers in General
Topology, 25 (2007), 1–18.

[17] P. J. Szeptycki, Soft almost disjoint families, Proc. Amer. Math. Soc., 130 (2002),
3713–3717.

[18] P. J. Szeptycki and J. E. Vaughan, Almost disjoint families and property (a), Fund.
Math., 158 (1998), 229–240.

Acta Mathematica Hungarica 142, 2014



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


